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1. INTRODUCTION 
The high energy photon is a very good probe for short-distance physics in strong 
interactions, because photons couple directly to point-like cjuark constituents of nu­
cleons and do not interact strongly once produced. Photon signals from high energy 
reactions provide very good tests of quantum chromodynamics(QCD) [1], which is a 
theory to describe strong interactions between quarks and gluons. In almost all high 
energy experiments, the photon is studied as one of the major signals for underlying 
processes. 
Thermal photons are the possible signals for cjuark-gluon plasma in relativistic 
heavy ion collisions [2]. However, experimental data is a sum of both thermal photons 
and non-thermal photons from hard collisions. In order to extract the information 
on thermal photons, we need accurate predictions of non-thermal photon production 
from hard collisions. Non-thermal photon production in nucleus-nucleus collisions 
should include the photons produced from collisions of two nucleons, as well as those 
produced through multiple interaction involving more than two nucleons. This the­
sis addresses two issues associated with non-thermal photon productions: 1) making 
accurate predictions for photons produced in nucleon-nucleon collisions; and 2) calcu­
lating the contributions of photon productions through multiple scattering in heavy 
nucleus. 
The major uncertainty on photon production in nucleon-nucleon collisions is 
photon fragmentation. In addition to short-distance production, photons can also be 
produced through long-distance fragmentation of the quarks and gluons, themselves 
produced in short-distance hard collisions. Perturbative QCD factorization theorem 
[3] provides a consistent method to separate the short-distance hard collision and 
long-distance fragmentation. The fragmentation functions, D ^2, , are interpreted 
as the probability density to find a photon with momentum fraction 5: from a quark 
or a gluon. These functions are nonperturbative quantities whose magnitude and 
dependence on fractional momentum 2 must be measured by the experiments at a 
9 / 9 \ . 9 9 . 
reference fragmentation scale hq . The change of D with /i" for large /t*' is 
specified by perturbative QCD evolution equations [4, 5]. 
The inclusive production of e^e~ —> is an excellent process to extract such 
photon fragmentation functions. In e^e~ annihilations, the leading non-vanish con­
tribution of high transverse momentum photon productions is from e'^e~ —+ qq and 
q (or q) fragments into an energetic photon. Therefore, the fragmentation contribu­
tions in e^e~ —»• 7X play a significantly greater role than they do in hadron-hadron 
collisions [6]. The dominant role of fragmentation contributions makes the inclusive 
process e^e~ jX a potentially ideal source of information on D How 
to extract photon fragmentation functions from the inclusive photon cross section 
in e'^'e" —> 7X is discussed in Chapter 2 [7]. Our calculations of the inclusive 
photon yields in e'^e~ —>• 7X are carried out through one-loop order. The results 
display the angular dependence of the cross sections, separated into longitudinal 
sin^ 6^ and transverse components ^1 -|- cos^ , where ^7 is the direction of the 
7 with respect to the e'^e~ collision axis. This work goes beyond that of previous 
3 
works [8, 9, 10, 11, 12]. The full angular dependence of the cross section including 
fragmentation terms is derived through 0(a:s) for the first time. 
Multiple scattering provides an extra mechanism to produce photons in nucleus-
nucleus collisions. As a result, direct photon productions in nucleus-nucleus collisions 
may have strong dependence on nuclear size. As early as the 1970s, it was observed 
[13] that inclusive cross sections for single high transverse momentum particle pro­
duced in hadron-nucleus scattering show an "anomalous" nuclear dependence, in 
which the cross section at fixed transverse momentum grows approximately as 
with A as the atomic number of the nuclear target. The value of a is a function 
of transverse momentum, and can be as large as 4/3. This phenomenon has been 
known as the Cronin effect. The A^/^ behavior signals a dependence on nuclear 
size. In a typical high transverse-momentum scattering process, energy exchange is 
so large that any single hard scattering should be very localized, and therefore, an 
almost linear A-dependence is expected for single scattering processes. Thus, the 
Cronin effect is often described as due to multiple scattering of partons in nuclear 
matter [14, 16, 17, IS], and the multiple scattering is primarily dominated by double 
scattering, due to the fact that a is approximately less or equal to 4/3. 
Luo, Qiu, and Sterman have developed a consistent perturbative QCD treatment 
of double scattering [18]. This method can be applied to high transverse momentum 
direct photon production in hadron-nucleus collisions [19], where no quark-gluon 
plasma and thermal photons are expected. The derivations of the double scattering 
contribution in direct photon production are presented in Chapter 3. The double 
scattering contribution is factorized into calculable short-distance partonic parts and 
the multiparton correlation functions. Using the information on the multiparton cor­
4 
relation functions, which were extracted from experiments on momentum imbalance 
of two-jet photoproduction on nuclear targets [18], the nuclear dependence of direct 
photon production is predicted without any free parameter. The numerical results 
are consistent with recent measurements of nuclear dependence in direct photon pro­
duction from the Fermilab E706 experiment [20]. 
In general, double scattering in collisions with high momentum transfer should 
have at least one hard scattering to produce the high transverse momentum observ-
ables. In addition, there could be a soft scattering either before or after the hard 
scattering (called as a soft-hard process), or another hard scattering (called as a dou­
ble hard process). Only the soft-hard processes contribute to the nuclear dependence 
of direct photon production at the order which is considered here. The fact that the 
photon does not interact strongly once produced at the hard collisions eliminates the 
final-state multiple scattering between the photon and nuclear matter. Therefore, 
direct photon production in liadron-nucleus scattering provides an excellent test for 
initial state multiple scatterings, while the jet or single particle production in photon-
nucleus scattering provides an independent test for final state multiple scatterings. 
Final state multiple scattering in photoproduction has been discussed in Ref. [18]. 
This thesis provides the complementary information on the initial state multiple 
scattering. 
Although the inclusive cross section of high energy photons is well-defined and 
may be calculated reliably within the context of QCD perturbation theory, it is 
very difficult to measure the inclusive high energy photons due to the tremendous 
background from tt® —)• 77 in high energy collisions. An experimental isolation cut is 
often imposed to minimize such background. However, for over six years, it has been 
5 
extensively debated whether or not the conventional perturbation theory still works 
for cross sections of isolated photons. The answer to this question has extremely 
important consequence for using the photon as a probe of short-distance physics 
within or beyond the Standard Model. The ability to evaluate precisely the QCD 
contribution to isolated photon production is essential if we are to detect any heavy 
neutral particles in or beyond the Standard Model, which always have a clean decay 
mode to a number of energetic photons. 
The cross section for the isolated prompt photon production in e'^e~ annihila­
tions is presented in Chapter 4. Our calculations of the isolated photon cross section 
are carried out through one-loop order in QCD perturbation theory. The functional 
dependences on the isolation parameters are also derived. Through the derivations 
of the isolated photon cross section in e"^e~ annihilation, we found that the conven­
tional factorization theorem breaks down for the cross sections of isolated photons. 
This breakdown of factorization will have important impact on calculations of isolated 
photon productions at hadron colliders. 
The summary and conclusions of this thesis are presented in Chapter 5. 
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2. PHOTON FRAGMENTATION FUNCTIONS 
The inclusive process e^"e~ —> 7X is potentially an ideal source of information 
on photon fragmentation functions Dq-^^ ''•^d In lowest-
order, the quark-to-photon and anti-ciuark-to-photon fragmentation jDrocesses dom­
inate the inclusive reaction e"^e~ 'yX [6]. To extract the photon fragmentation 
functions from the inclusive process e'^e~ —^ 7A', we need the analytic expressions of 
the inclusive photon cross section. We derived the analytic expressions for the inclu­
sive photon yields through first order in the electromagnetic coupling strength, aem-, 
and the cjuark-to-photon and gluon-to-photon fragmentation contributions through 
first order in the strong coupling strength as- Dimensional regularization is used 
to handle infrared and collinear singularities. The final expressions for the inclusive 
photon cross section have full 9^ dependence, where is the 
direction of the photon with respect to the e'^e~ collision axis. Numerical results 
and suggestions for comparisons with e'^e~ data at LEP, SLAC/SLC, TRISTAN, 
and CESR/CLEO energies are presented in Section 2.6 [7]. 
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2.1 General Structure of the Cross Section in e^"e —> 
In e^e~ —> cX, as sketched in Figure 2.1, the cross section for an m parton 
final state is 
= _ f'dPS^'^^-dzDc-^^iz), (2.1) 
2s I e^e 1 ^ n '•> v / 
m 
with c — j,q,q,g and 2 = E^yjEc- To obtain the inclusive photon cross section, we 
need to integrate over all phase space, dPS^^\ except the momentum of parton "c". 
1 
^ m 
Figure 2.1: e'^e~ —> jX in an m parton fi­
nal state: e'^e~ —> cX followed 
by fragmentation c —> jX. 
For the scattering amplitude, the vertex between the intermedi­
ate vector boson and the initial/final fermion pair is expressed as ie^i,i 
The absolute square of the matrix element |M1^, averaged over initial spins and 
summed over final spins and colors, may be expressed in terms of leptonic and 
li.9i(iroiiic tensors, Ljj,}/ and as 
+ FP^\q^) L^y] Hf^-, (2.2) \M\^ = e^C 
where e denotes the electric charge, and C is the overall color factor. Since the 
physical observable, the energetic photon 7, does not distinguish between quarks and 
antiquarks, the parity violating [PV) term does not contribute. Equivalently, only 
the symmetric part of contributes. Therefore, 
iMjS = e^CpP^iq^) LP^ = e^CpP^iq^) {Hi + H2) • (2.3) 
HI = = ~G^IVH^'R (2.4) 
H2 = (2.5) 
The four-momenta ql^ and are defined in terms of the four-momenta of the incident 
e"^ and e~~ ^fc^'and as 
f/ = fcf -1- k^, f/2 ^ + ^^2)2 ^ (.2.6) 
and 
kf^ = k(l -  k^, k^ = {ki -  k2f = -s. (2.7) 
E)/^ 0 
The normalization factor Pq {q") is expressed in terms of the vector (u) and 
axial-vector (a) couplings of the intermediate 7* and Z® to the leptons and quarks. 
At the Z" pole, neglecting 7,Z" interference, the normalization factor Pq {q") is 
^ = (l^eP + l«ep) (b»/F + l«9p) ^79 2~~^' 
9 
Table 2.1: Electroweak V-A coupling constants 
~e ^-1 + 4 sin-^ 9w^ / (2 sin 29w) 
ae 1/(2sin20ti;) 
Vq (/|  -  2eq sin^ 6w) / (sin 29io) 
aq -/g/sin 2010 
Table 2.2: Isospin and fractional charges for quarks 
•'3 eq 
u, c, t 1/2 2/3 
d, s, b -1/2 -1/3 
The vector (u) and axial-vector (a) couplings in Ec|. (2.S) are provided in Table 2.1 
and Table 2.2. At modest energies where only the 7* intermediate state is relevant, 
- (s) -  e2 -• 
^q 1.5; -^q 2' (2.9) 5 ^ ^ 
eq is the fractional quark charge = 2/3; = 1/3; • • 
In terms of functions Hi and H2-, defined through Eq. (2.3), we reexpress the 
cross section as 
C i  (ffi + H2) clz D{z) .  (2.10) 
In the following sections, we calculate the functions Hi and H2 defined in Eqs. (2.4) 
and (2.5), respectively, at the lowest order and the first-order in 05. 
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2.2 Factorization and Lowest Order Contribution 
2.2.1 Factorized Cross Section 
We are interested in the inclusive cross section for production of photons in asso­
ciation with hadrons, where is the energy of the photon, 
e ' e -^'jA ' 
and C is the momentum of the photon in the e'^e'~ center-of-mass system. According 
to the pQCD factorization theorem [3], the cross section may be expressed as 
^7 " "aT =T.EC <DDC-^-,(Z). (2.11) 
The intermediate partons c = 7,(/,?, and q. The hard-scattering cross section 
Ecda^^^_ ^Jd^pc contains no infrared or collinear divergences. The fractional 
e"!"e -^cX 
momentum z is defined as 2 = E^jEc, all intermediate partons c are assumed to be 
massless. The fragmentation functions represent all long-distance physics 
associated with the hadronic component of the photon. They are inherently non-
perturbative quantities that must be measured experimentally. Models and phe-
nomenological parameterizations [4] for D{z) have been published. In lowest-order, 
D'y—y'y{z) = ^(1 — 2). The convolution expressed in Eq. (2.11) is sketched in Fig­
ure 2.2. In the figure, c denotes an intermediate photon or a gluon or a ciuark of 
any flavor. The convolution symbol ® in Eq. (2.11) is defined explicitly as follows: 
d^incl 
d'^pc 
_ fl dz 
mm 
E, Dc-^^{z). (2.12) 
dhc 
Since occurs when pc has its maximum value, = \/i/2, the lower limit 
of integration — 2E-yfy/s-, y/s is the center of mass energy of the e'^e~ 
11 
+ 
e 
r  
Figure 2.2: Hard scattering cross sec­
tion e'^e~ —> cX convo­
luted with the the frag­
mentation oi c X 
annihilation. 
2.2.2 The Lowest Order Contribution 
The lowest order contribution to the inclusive photon yield is sketched in Fig­
ure 2.3. The diflFerential inclusive cross section ^ expressed as a prod­
uct of the lowest order partonic cross section _ _ and the o —> 7 fragmen-
e —>-qq 
tation function, Dq—^'y{z). 
da + -  v = Tda^'!)_ . .dzDq^^{z) + {q->q). (2.13) 
e-t-e ->7A Y e+e ^q{pq)q i 
In Eq. (2.13), pq is the four-vector momentum of the quark q, and = ^/pq-
The partonic cross section is written in terms of the invariant matrix element and 
12 
• T.0 P ' /  
r .  z  ^  
q 'vvvvvvc;^ 
fj '  
7 
D^/,(z) 
Figure 2.3: Lowest order, 0(Q;g^a^), 
photon production through 
quark fragmentation. 
differential phase space factor, 
dor 
+ p — -e ' e 'PqPq 
4- -251 -
.1 (1 
^PqPq\ 
f £/P5^2) 
^'^Nc-{HI+H2) (2.14) 
where Nc = 3 is the number of colors carried by the quarks, and Eq. (2.3) was used. 
The symmetric part of the hadronic tensor , used to define functions Hi 
and H2, is particularly simple: 
.9 
Hi^^ = 4 (eii^y + PqPq -  g^^^Pq '  Pq] • (2.15) 
The factor in Eq. (2.15) accommodates the fact that we are working in n dimen­
sions. The dimensional scale pi will be specified further below. The functions Hi and 
//2, defined in Section 2.1, become 
9 
H i  =  4  5 ( 1 - e )  ;  (2.16a) 
13 
H2 = —2 s (1 — cos^ 6 )  .  (2.16b) 
In Eq. (2.15), e is defined through the number of space dimensions n = 4 — 2e, with 
e —> 0 at the end of the calculation. In the center of mass frame of the collision, 9 is 
the angle of pq with respect to the direction defined by the incident e"'". Combining 
Hi and H2, we obtain 
i ( H i  + H 2 )  =  ^  { e f i ' f  s  [(1 + cos2 6 )  - 2e] . (2.17) 
Combining Eq. (2.17) and the expression for two-particle phase space in n-dimensions, 
Eq. (A.4) of the Appendix, we can find that the lowest order partonic cross section, 
Eq. (2.14), is 
e —»fyA" _ 
c f i p q  
2 Ar 
( s /4)s in-6^/  r ( l  — e)  
X (2.18) 
with xq = 2Eqly/s. At this order, the cross section is manifestly finite in the limit 
e —> 0, and we may set e = 0 directly in Eq. (2.18). Nevertheless, Ecj, (2.18) expressed 
in n dimensions is valuable for later comparison with the higher order cross section. 
Noting that £ = zpq imphes d^pqfEq = we obtain the lowest 
order inclusive cross section 
fiJncl 
1 dz 
= 2E / 5 
da 
En 
(0) 
e" HJX 
c/3 
'^Pq 
Dq-^-yiz.fif) 
= 2^1 ^(5)1 "imA^c(l + cos^ ( . I S  J  . L 7  
(2.19) 
14 
The angles and 9 are identical since we assume that the fragmentation from quark 
to photon is collinear. The overall factor of 2 in Eq. (2.19) accounts for the q contri­
bution, with assumption Dq—^j{z) = (z). In Eq. (2.19), we have introduced 
a fragmentation scale fijp in the specification of the fragmentation function. 
2.3 Factorized Formula for First Order Contributions 
There are three distinct contributions to e'^e~ fX in first order perturbation 
theory: 
e+e~ ^ 7, 0{aem) (2.20a) 
e'^e~ —> q (or q) —* 7, 0(0:5) (2.20b) 
and 
e'^e~ 0(«5) (2.20c) 
Eqs. (2.20b) and (2.20c) are contributions from quark and gluon fragmentation to 
photons in the three-parton final state process e^e'~ —> qqg. The first contribution, 
Eq. (2.20a), arises from e^e~ —> qq'y where the 7 is not collinear with either q or q. 
Following the pQCD factorization theorem, and Eq. (2.11), in order to derive the 
explicit contributions to the inclusive yield from each of the 
three processes in Eq. (2.20), we must calculate the short-distance hard-scattering 
cross sections, Ecdcr^^^_ for c = 7,</, <7 and q. 
e I e —>cA 
The Feynman graphs for e'^e~ —> -yqcj are sketched in Figure 2.4. Owing to 
the quark-photon collinear divergence, the cross section associated with these graphs 
is formally divergent. We denote this first order divergent cross-section 
a short-hand notation for ji. To derive the corresponding short-distance 
15 
+ 
r  
Figure 2.4: Feynman diagrams for e*^e —> 'yqq. 
(1) hard-scattering cross section, we apply the factorized form, Eq. (2.11), 
perturbatively. 
.(1) ->(1) 
= cr^ -
e+e 6+e -^'yX D 
(0) . . 
7 — j  
+ _ y ® 
e ^(/A ^ ' 
+  (9->fy) - (2.21) 
The convolution represented by ® is defined in Eq. (2.12). The superscripts (0) and 
(1) on the hard-scattering cross sections a and fragmentation functions D refer to 
lowest-order and first order, respectively. The collinear divergence resides in the first 
order fragmentation function D^X--y{z). The hard-scattering cross sections and 
^(0) are finite. The expression for (t(®) was derived in Section 2.2. We can obtain 
e^" e —S-7X 
-^(1) (1) 
e'^ e'  
by calculating <7^^ _ and (2) in n-dimension. The derivation of <7^^ _ 
is given in Section 2.4. 
The two Feynman graphs that provide the ci'oss section for e~ —></—> 7 in  
0{as) are shown in Figure 2.5. In this case, the final gluon is effectively "observed" 
16 
9 
+ 
9 
Figure 2.5: Order 0:5 Feynman diagrams for e^e qqg that 
contribute to e'^e~ 'yX via g ^ fragmentation. 
through the fragmentation fir —> 7; there are no virtual gluon exchange diagrams. The 
finite hard-scattering cross section is derived from the difference 
e"r e —>firA 
_  v  =  ^ ^ + -  •  ( 2 - 2 3 )  
e"!"e -i-gX e' e —^gX ,  e+e —>g'A 9 —^<7 
q'=q 
In Eq. (2.23), the divergent cross section ^ is evaluated from the Feynman 
graphs shown in Figure 2.5, and the quark-to-gluon collinear divergences are embed­
ded in the first-order fragme 
is presented in Section 2.5. 
entation function . The derivation of 
q'-^g e-Te -^gX 
The Feynman graphs in 0{as) that contribute to e"^e~ —> > 7 (Eq. (2.20b)) 
are sketched in Figure 2.6. A final state photon from quark fragmentation is 
observed. The complete 0(q;s) result includes both real gluon emission and virtual 
gluon exchange graphs, as shown in Figure 2.6. Although infrared divergences asso­
ciated with soft gluons cancel between the real and virtual graphs, the cross section 
obtained from the Feynman graphs is still divergent due to collinear 
e"' e —>qX 
singularities when the real gluon is emitted along the direction of its parent quark or 
antiquark. To obtain the corresponding hard-scattering cross section (T^V _ 
e ' e —^qX 
we apply the factorized form, Eq. (2.11), perturbatively, to the production of a quark 
17 
+ 
(a) 
+ 
(b) 
Figure 2.6: Contributions to the 0 ( a s }  cross section 
cr^V _ (a) real gluon emission clia-
e"!" e —s-tjfA 
grams (e"^e~" —>• qqg), (b) virtual gluon ex­
change diagrams that interfere with the low­
est order tree diagram. 
instead of the photon, 
.(1) ;.(0) 
^ ^ 2 -  / ® ^ /  
e —>fyA ,  e -^q' q —^q e> e 
q'=q 
W +^(1)  
( I )  
with the colHnear q' q singularities in 0 { a s )  included in Note that 
D^}jyq{z) = 6(1 — z). Correspondingly, the finite hard-scattering cross section 
A' e —)-</A 
(2.24) 
IS 
e+e —^qX e+e — 
^(0) <9^ (2.25) 
18 
A detailed derivation of o-^V _ is given in Section 2.5. 
e ' e —*qA 
The two-loop direct contribution to e'^e~ 'jX is of 0{aemC(s) and can be 
derived as follows. First, apply the factorized form, Eq. (2.11), perturbatively, at 
two-loop level and sum over c = ^ ,g,q and q, 
+ (9 ^  ?). (2.26) 
All first-order contributions, in Eq. (2.26) are defined in Eqs. (2.22), (2.23) 
and (2.25), and will be calculated in the following sections. Since the first order 
fragmentation functions and D^\^{z) vanish, and the zeroth order hard-
scattering cross section vanishes, the two-loop hard-scattering cross 
e fe  —^gA 
sections (T^ _ can be derived as; 
e"r e —>7A 
c~^ e —>'yj^ 6~^ 6 — 
e —^qX ^ ' e^e —^qX '• ' 
-  (q-^q) .  (2 .27)  
.  (2) To complete the calculation of a ~Z _ -,^1 it is necessary to calculate the two-loop 
e' e —>7A 
parton-level cross section cr^ _ _ and the two-loop quark-to-photon fragmen-
e ' e —+7A 
(2) 
tation function DqjL^^{z) in n-dimensions (implicitly, dimensional regularization is 
used), in addition to all the zeroth and first order contributions calculated in this 
(2) 
chapter. The two-loop parton level cross section ct^ is formally divergent. 
19 
As is true of the calculation of o-^V _ in Section 2.5, all infrared diversences 
e"re -^qX 
associated with soft gluons cancel among the real emission and virtual exchange di­
agrams. All collinear divergences that appear when final-state quarks and/or gluons 
are parallel to the observed photon are cancelled by the subtraction terms given in 
-(2) Eq. (2.27). Consequently, the two-loop hard-scattering cross section (T^ ^ is 
finite if the pQCD factorization theorem holds. 
tribution cr /  _ is much smaller than the leading order fragmentation contri-
o I \ 
As shown in Section 2.6, the leading order short-distance direct production con-
e+e —>7^ 
bution _ ®D^^^(z) + (q q). The next-to-leading order direct contribu-
e'> e —s-qA ^ '  
(2) 
tion (T^ V ,, will be much smaller than the next-to-leading order fragmentation 
e"!" e —>7A 
contributions ® c = g,q and q, which are completely 
ef e —>cA ' 
derived in this chapter. The two-loop contributions are not calculated because their 
contributions to the overall cross section are much too small in comparison with those 
presented here. 
2.4 Hard Parts for Leading Order Direct Contribution 
To calculate the finite hard-scattering cross section in Ofae???.), we 
e"!" e ^7A 
first need to compute the functions Hi and H2, defined in Section 2.1, Eqs. (2.4) 
and (2.5). These will then be integrated over phase space to yield the cross section 
'  e+e-^fX' 
dcT^^) _ e'^Nc\{Hi + H2)dPS^^\ (2.2S) 
where three-particle phase space in n-dimensions is given in Eq. (A.34) of the Ap­
pendix. 
Sketched in Figure 2.7 is the hadronic tensor Hfiv obtained from the two dia­
grams of Figure 2.4. Performing traces to sum over final spins, we may write the four 
contributions as 
= 2(1 - e)Tr [7^7 • ^71/7 • ^2] 2^^? 
= 2(1 - t)Tr [7;f7 • ^17^/7 • 2^^; 
= -2Tr [7;i7 • ^^7 • p27f7 • (Pl + OT • (P2 + ^)] 2^^ 
+ 2err [7^7 • P17 • hvl • P2l'  3^ 3^' 
= -2rr [7^7 • (pi + £)7 • (p2 + 071/7 ' Pl7 " P2] 
+ 2eTr • pijjyy • £7 • P2] 3^. (2.29) 
To avoid multiple repetition of a common factor, we temporarily omit the overall 
+ 
+ + 
0 Figure 2.7: Order 0{aQj^) contribution to the 
hadronic tensor H^u-
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coupling factor eq{efi^)^ that appears in 
Hi = = -g^iu E We obtain 
i?, Hu- Function 
i=a 
Hi = 8(1 - e) {»- e) yu I + 2^12 \ .y2i yu\ yuy2£ 
The dimensionless quantities yi£,y2£i ?/12 defined by 
l 2 - - 2 e l .  
y2 J 
(2.30) 
yu = H^(^• = l,2); 
2pi • P2 yi2 = 9 • 
cr 
(2.31) 
Here we have yi2 + 2/1^ + 2/2^ = 1- evaluating H2 — — {k^kvjq^^ Hl^^, we also 
make use of dimensionless quantities ykf 
Because k  •  q  =  0 ,  
After some algebra we find 
Vik = ^(i  = l.2); 
2 k - i  
yki = 
yik + y2k + yki = o-
(2.32) 
(2.33) 
H2 =  -4^(1-e)  yu I y2i 
iy2i vui 
+ 
{yu+ylk} 
^^-2e 
yiiy2i 
4e f 2 •) 
VJkc\- (2.34) y u y 2 i y i i y 2 i  
The next task is to integrate Hi and H2 over three-body phase space in n = 4—2e 
dimensions. Since the momentum of the photon {€) is an observable, and the momen­
tum of either the quark (pj^) or antiquark (p2) can be fixed by the overall momentum 
conservation ^-function in the three-body phase space, we need to integrate over only 
or P2- the following discussion, we let P2 be fixed by the ^-function, and we 
integrate over pi. In the overall center of mass frame, as sketched in Figure 2.8, We 
choose the <r-axis to be the direction of the observed photon. We take angle to be 
the polar angle of the 7 with respect to the e'^e~ collision axis and angle to be 
the angle between the 7's momentum i and the quark momentum pj. The angle 
Figure 2.8: Center of mass coordinate 
axes of an e'^e~ collision. 
6x is the n-dimensional generalization of the three-dimensional azimuthal angle 4>, 
defined through pi as 
d9,n-2iPl) — ^^17 ^ Oi^dOx 6xdQ.^_^{pi). (2.35) 
Having chosen the frame, we may reexpress the y  variables in terms of observables 
and integration angles as follows: 
= —X'jCOsO'j^ 
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y2iyi2 - yu 
cos 0^ — 'Wyi2yuy2i 
Xj Xj 
— 
yuyi2 - y2£ 
cos 9^ -t- 'Wyi2yuy2£ 
X'y X'j 
sin 0-y cos 6x ; 
sin 0^ cos 9x ; (2.36) 
where xj = 2Ejly/s{= yi£ + y2i)- In deriving yif. and y2j^, we use the following 
identities 
COSS,^ = WllUM; 
sin^i^ = — , (2.37) 
where xi = 2Ei /y/s. 
In the integration of H2 over phase space, the integral over d cos Ox is done from 
cosOx = —1 to + 1. The expression for the three-body phase space, Eq. (A.28), is 
an even function of cosOx- Correspondingly, terms in H2 that are odd functions of 
cosOx do not survive. Because H2 depends only on the square of the and 
after eliminating all terms linear in cos Ox, we find that the only 9x dependence in 
Ho is cos^0.T- We can integrate over 6x independent of other variables, or we can 
9 0 
effectively replace the cos"^ 9x terms in i?2 ^^e average of cos" Ox in 72-dimensions 
and eliminate the Ox dependence in H2 completely. 
Given the average of cos^ Ox in n-dimensions, Eq. (A.31), we obtain, effectively, 
..2 2 2 
y u  
ylk = 
y2k = 
cos" f'y ; 
y2iyi2 - yu 
yiiyi2 ~ y2i 
COS^ 0-y + (t^) 
'2{yi2yiiy2i) 
a 
^iyi2yuy2e) 
X 7 
sin" Oj ; 
sin^ 0^ ; (2.38) 
O 
where the factor 1/(1 — e) is from the average of cos 0.1;• Substituting the above 
expressions into Eq. (2.34), and combining with in Eq. (2.30), we obtain, 
_e)(m + y^]+2(  
\y2£ yiiJ \  
42/12 
+ = (l + cos2 9^-2e) 
+  ^ 1 — 3  c o s ^  
^yuy2i 
— e 
+ (t^) 4^12 
x: 7 J 
(2.39) 
where the superscript "ej^" indicates that we have replaced cos" Ox by its average in 
n-dimensions. The two 6-functions in the three-particle phase space, , provide 
the following identities 
yu = 1 ~ ; 
y-ii = ^i-y\i (2.40) 
Introducing and substituting these identities into Eq. (2.39), we derive 
i + iff = (l + cos2 07-2e) 
-f (l -f cos^ ffj — 2e) 
1 + (1 — 
Xj 
- 2 - d ^ +  '  
1 1 
•7 h :— 
yu 1-2/H 
yu 1 - yu 
+ (l ~ 3 COS^ 4(1 -.^7) 
x, 7 
+ J — e 
The last term vanishes as e —> 0. 
1 — cos^ 
4(1-xy) 
2 
x: 7 
(2.41) 
Combining Eqs. (2.28) and (2.41), and integrating over we can derive the 
partonic cross section dcr^]} _ The limits of the dy-\p integration are from 0 
e'e ^7A 
to 1. The integrals over dy^^ for (Hi + )/4 may be expressed in terms of 
fl 
In,m = Jq  dyii y'^f^ (l - yij>) m—e (2 .42) 
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Examining Eq. (2.41), we need only 7q g and (~ •'^O,—l)-
/0,0 = B(1 - E. 1 - e) = (2.43) 
= (2.44) 
where B{a,b) and r(c[) are Beta function and Gamma function, respectively. For 
small e, /o,0 = 1 + -^—1,0 ~ ~ e "t" ^(^)-
After performing the integration over dy^^, we expand the right-hand side of 
Eq. (2.28) in a power series in e, keeping only the singular term proportional to (1/e) 
and the terms independent of e. (Terms of 0{e^), m > 1, vanish in the physical 
limit of four dimensions (n = 4 — 2e)). We obtain 
^em^c 
. 9 47r/t 
(5/4) sin^ I r(l — e) 
2 ^em X(i + cos2«t,-2£)— 
n 
1 + (1 — ••^•7)^ 
2 AT J. 
^em^c 
.r-y 
2 f C(em\ 
I 27r j 
x< (1 + cos^^-y) 
-1-^1 — 3 COS^ d-j^ 
1 + (1 -
X'y 
+in ^1 -  .^•7))] 
2 ( 1  - x j )  
^•7 1 (2.45) 
,e\4. In deriving Eq. (2.45), we included the overall factor for coupling constants, eq (e/r) 
and used the expansion r(l — e) ~ 1 + £7^, where 7^ is Euler's constant, and the 
usual modified minimal subtraction scale 
(2.46) 
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The (1/e) singularity in Eq. (2.45) represents the quark-photon collinear singu­
larity. This singular term is expected to be cancelled by subtraction terms defined in 
Eq. (2.22). By evaluating the diagram sketched in Figure 2.9, we obtain the one-loop 
quark-to-photon fragmentation function 
(1) .(1) 
_ nv-^y _ p2 '^e.m q^nj{z) -  - eq l + (l-3)-^ (2.47) 
where we keep only the 1/e pole term because we work in the MS factorization scheme. 
Using the fact that and comparing Eq. (2.45) with Eqs. (2.18) 
and (2.47), we observe that the divergent first term in Eq. (2.45) is cancelled exactly 
by the subtraction terms defined in Eq. (2.22), in accord with the pQCD factorization 
theorem. Using Eq. (2.22), we obtain the finite 0{aem) hard-scattering cross section 
E-
e"r e" 
7" 
>7A" 
d^£ 2E 9 
i s )  
x I ^ 1 -t- cos^ 
2 
-|-( 1 — 3 cos" ^ 'y) 
2 /V J_ 
X'y 
1 + (1 — X'j) 
Xj 
+in (x'^ (l -  -1:7))] 
2(1-.r^) 
„2 
I 27r J 
(5/ 
X' 
(2.48) 
We can see that the angular dependence of the 0{aem) hard-scattering cross 
section has two components, one proportional to (l-t-cos"' 0), familiar from the lowest 
order expression, and a second piece proportional to (1 — 3 cos*" O'j). If one integrates 
over cos0-y, the second piece vanishes. However, the piece proportional to (1 — 
3 cos^ 6^) changes the predicted angular dependence from the often assumed form 
9 • 9 (l-Fcos" 9 ) .  The difference means that it would not be correct to assume a (l-j-cos" 0 )  
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Figure 2.9: Feynman diagram 
for D^qX-^{z). 
dependence when attempting to correct an integrated cross section, such as dajdE'^. 
In particular, such error reaches maximum when cos^-y ~ ±1. 
2.5 Hard Parts for Next-to-leading Order Fragmentation Contribution 
2.5.1 Hard Part For 0(05) Order Gluon Fragmentation 
The finite hard-scattering cross section to first order in as may be 
e+e —></A 
obtained directly from Eq. (2.48) after three replacements: —> xg] Nc ^ NcCp] 
0 0 • • / 
and e Cq of the final photon emission vertex by g = iiras 2 _ 
E, 
e"r e" 
x j (1 + cos^ 6g^ 
2 AT 
^em 
+ (1 — 3 cos^ 9g^ 
1 + (1 - Xg)^ 
Xg 
+£n [xj (1 - .r^,))] 
Cp 
Qs 
2ir 
[£n (s//<^g) 
xg 
(2.49) 
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In Eq. (2.49), xg = 2Eg/y/^-, Cp = and Nc = 3. 
The contribution 0(05) to the inclusive yield e'^e —> -yX via gluon fragmen­
tation is therefore 
•gX^^X 
dz e+e -^gX ( 
i, T b = T) 
with .T'y = 2E^ls/s. Because the fir —> 7 fragmentation process is collinear, 6g = 9'j. 
2.5.2 Hard Part For 0(q;s) Order Quark Fragmentation 
As sketched in Figure 2.6, both real gluon emission and virtual gluon exchange 
graphs contribute to the 0(as) order quark fragmentation processes. The real emis­
sion diagrams have both infrared and collinear divergences. The infrared divergence 
is cancelled by contributions from the virtual diagrams, while the collinear divergence 
is cancelled by the subtraction term defined in Eq. (2.25). 
The real emission diagrams can be treated easily in the same way as 
(Zcr _L _ ^ in Section 2.4. Except for the replacement of a photon by a 
eT" e —*jX 
gluon, the hadronic tensor obtained from the gluon emission diagrams in Fig­
ure 2.6a is identical to that computed in Section 2.4 for e'^e~' —> qqj. Thus, we may 
employ our previous expressions for Hi and H2 again but with the replacement of 
subscript in Eqs. (2.30) and (2.34) by subscript "3", since pg is our momentum 
label for the gluon. Because the quark is now the fragmenting particle (i.e., effectively 
the "observed" particle), the variables with i = 1,2,3 in Ho are no longer those 
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in Eq. (2.38). Instead, they now are 
9 9 9 
y f k  = 5 
2 y2k = 
2 
y-sk 
yisvis ~ 2/12 
Xl 
cos" + (t^) 
2(2/12^13^23) 
and 
9 
2/122/23 - yi3 
®1 
c„s2«i+(^) 2(2/122/132/23) 
• 2q 
sin ai ; 
sin^^]^ . (2.51) 
In Eq. (2.51), 61 is the scattering angle of the quark, and subscript "3" indicates the 
gluon of momentumP3. All terms linear in cos 6x have been dropped, and cos^ 6x was 
replaced by its average value in n-dimensions. Substituting these with i = 1,2,3 
into Eq. (2.34), we can obtain 
= (1 + cos2 - 2e) 
+ (1 — 3cos^^]^^ 
( l _ e ) i m  +  M  
2/23 2/13 
+21-^^2 , 
2/132/23 
22/12 
2 
, --^T J 
+ e cos" 61 42/12 2 
, ®1 J 
(2.52) 
where the last term again vanishes as e 0. In analogy to Eq. (2.40), the useful 
identities here are 
2/23 = 1 ~ •'^'1 ' 
2/12 = •'^"l ~ 2/13 (2.53) 
By using these identities, Eq. (2.52) can be reexpressed in terms of and 7/^3 
9.' 
i (//l + ifl-'' '') = (l+cos2«i_2e)| 1 + a; 1 — X  
' 1  
1 I  2/13 
yi3 1 - .x-i 1 - .Ti 
30 
— e 
-1- 1^ — 3cos^ 0]^ j - I I -
L^l V -^'l  
1 - ^1 I V I S  I 2 
. 2/13 ' 
fl3 
1 — a-"]^ 
(2.54) 
where the last term in Eq. (2.52) was dropped. The contribution of real gluon emission 
can be obtained by combining Eq. (2.54) with the three particle final state phase space 
dPS^^\ Eq. (A.35). The final result with the overall coupling factor 
and color factor NcCp is 
da 
Ey 
{ R ) _  
e —^qX 
d3 PI .s 
47rju^ 
( 5 /4) sin-" r (l — e) 
x C p  
as 
2x 
47r/t 9\ ^ 
r ( l -e) 
^(.ri - (1-^23)) 
.ri 
1 
^ 4 Hi + 
e f f  
yh yh yh 
X  6 ( 1  - 2 /12-2/13 -2/23) ' (2.55) 
where superscript { R )  stands for the real emission. The two ^-functions are used to 
c f f 
fix t/23 2/12' ^2/13 is integrated from 0 to .-cj. After inserting Hi + 
from Eq. (2.54), we obtain 
da 
Ey 
( R )  
:+e -^qX 
d^ Pi Ls 
x ci m 
<^em 
47r/r 
ilTfl' 
(s/4)sin^0W ^(1 — e) 
i \ r ( i - 6 ) 2  1 
r ( l - e )  X I J  r ( i - 2 6 )  
x I (1 + cos^ — 2e) 
2\ f ^«(1 — .irj) 
+ 
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-^(3x1-5) 
The "+" prescription is defined as usual 
+ (l-Scos^^i) I . (2.56) 
( t ^ ) •  P - " )  
In deriving Eq. (2.56), we used following identity: 
(l-xi)l+' e' 1' Vl-":i/+ V i--n J + 
The right-hand-side of Eq. (2.56) is formally divergent as e —> 0. The 1/e poles in 
n-dimensions represent the infrared divergence, when the gluon momentum goes to 
zero, and/or a collinear divergence, when the gluon momentum is parallel to that of 
the fragmenting quark. As shown below, the infrared divergence is cancelled bj' the 
infrared divergence of the virtual diagrams, sketched in Figure 2.6b. 
The contribution of the virtual diagrams results from the interference of the 
one-loop vertex and self-energy diagrams with the leading order tree diagram. The 
self-energy diagram does not have contributions in dimensional regularization. As for 
the leading order contribution, the virtual diagrams, sketched in Figure 2.6b, have 
a two-particle final state phase space. Therefore, the contribution from the virtual 
diagrams has the same kinematical structure and angular dependence as the leading 
order contribution, discussed in Section 2.2. It is proportional to ^(1 — .tj), and, 
consequently, the virtual contribution cancels only the 1/e poles associated with the 
(5(1 — .rj) terms in Eq. (2.56). The subtraction terms in Eq. (2.25) cancel the final 
state collinear poles that appear in the contribution of real gluon emission. 
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The virtual exchange diagrams are shown in Figure 2.6b, The one-loop vertex 
correction can be evaluated in ra-dimension, and the first order virtual contribution 
can be obtained by combining the one-loop vertex correction with the lowest order 
tree diagram. The result is 
£1 
X e -^q  
V I  
is 
x 
( 47r/i^\ ^ 
47rjU'' 1 
{3/4)51x1^ 61 j r(i — e) 
r(l - e) 
r( l - e )3r( l  +  e )  
x j  n i - 2 e )  
x< ^1 -}- cos^ O-^ — 2e) 5(1 — — - -F (tt^ — 8^ , . . (2-59) 
e-^ e 
where the superscript (V) stands for the virtual contribution. After adding the real 
and virtual contributions, Eqs. (2.56) and (2.59), we can obtain the cross section for 
e'^e' qX at order 0{as), 
da 
E l -
(1) 
e —*qX _ r2 
cfi PI 
P C ,  
-F^^(5) 47r/i* 
x -1- cos^  6^  — 2ej 
(s/4) sin*'y ^(1 — e) C  F 
—e 
+ is 
2 1 
^em 
^1. 
x^ (1 -f cos" Oi) 
9  
1 +  X  
C ,  
1 
M - ^ i ) +  2 + 0*^(1 -•'J-'l) 
+ 
MS-
+ 
2 \ 1 - .T1 1 / +  
+ <5(1 - .x'l) 27r2 9 3 -5 -5(3.1-5) 
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+ ^1 — 3cos^ (2.60) 
As is evident from the 1/e terms, this cross section is divergent as e —+ 0, a reflection 
of the fact that a cross section for producing a massless quark is an infrared sensitive 
quantity, not perturbatively calculable. 
According to the pQCD factorization theorem, the short-distance hard-scattering 
cross sections, defined in Eq. (2.11), are infrared safe quantities. Beyond the Born 
level, the short-distance parts, are not the same as the partonic cross 
sections for fragmenting parton c. Following Eq. (2.25), in order to 
derive the short-distance hard-scattering cross section _ ,,, we must first 
e~fe —></A 
calculate the one-loop perturbative fragmentation function Feynman dia­
grams for are sketched in Figure 2.10. These diagrams are evaluated in the 
same way as one evaluates parton-level parton distributions [21], and we obtain 
where the "-1-" prescription is defined in Eq. (2.57). 
By using Eq. (2.25), the lowest order cross section for e^e~ —> qX^ Eq. (2.18), 
and the one-loop quark fragmentation function Eq. (2.61), we can obtain the 
short-distance hard-scattering cross section 
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+ 
Figure 2.10: Feynman diagrams for 
+ ^1 — 3cos^ 6-^ 
+ ^ (1 — 2 r  
- o  - o (3.x-i-5) 
(2.62) 
9^ is set to equal to O^. It is based on the assumption of collinear fragmentation 
from quark to photon. As expected, the hard-scattering cross section is infrared 
insensitive. The 0(as) quark fragmentation contribution to e^e~ —> 7X is 
„ e I e —></A —>7A 
'^1 We 
= E/. 1 dz _ V / 
PI 
*y  
. (2.63) 
The derivation shows that the short-distance hard-scattering cross section for 
antiquark fragmentation to a photon is the same as that for quark fragmentation. 
Consequently, the 0(os) antiquark fragmentation contribution to e"^e~ -yX is 
the same as that given in Eq. (2.63). 
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2.6 Predictions and Suggestions for Experiments 
The numerical values of the inclusive prompt photon cross sections can be ob­
tained by using the analytic expressions derived in this chapter. The results are pre­
sented here for e'^e~ center-of-mass energies y/s = 10 GeV, 58 GeV, and 91 GeV. 
They are appropriate for experimental investigations underway at Cornell, KEK, 
SLAG, and CERN. The figures show variation of the inclusive yield with photon 
energy Ej and scattering angle 0j, where Oj is the angle of the photon with re­
spect to the e"^e~ collision axis. The dependence of cross sections on the choice of 
renormalization scale is also presented. 
The cross sections evaluated are those derived in the text; Eqs. (2.19), (2.48), 
(2.50), and (2.63). They are assembled here for convenience of comparison. The 
lowest order inclusive cross section is 
(Ict'YL 
^ e'^e -->7A 
= 2i: 
q 
(fi£ 
ls 
(5) «em(^)^c(l + cos^ (2.64) 
X'y 
The finite 0{aem) hard-scattering cross section is 
r(l) 
^ ^e+e-^-yX 
- 2E V^(3)] Ls (I 
X < (l -h cos" 0^^ 
^'ern{^)^c ^
7 J 
1 + (1 ~ ^"fY 
2 (ocemifJ-p) 
n 
27r 
9 [in (s/np) 
+ Cn 
4-(l — Scos^ 0j) "2(1 - xj) 
X'y 
The 0{as) contribution to the inclusive yield e'^e~ 
(2.65) 
' yX via gluon fragmentation 
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is 
n' 
_ y y e ' e —»gA—»7A 
_ yl dz 
Jx^ z 
Si 
Dg-^'y{z,H-p) (2.66) 
with 
= 21: 
..s  ^ J 
XI (1 + cos^ 
+ ^ 1 — 3 cos^ 9'j^ 
X g  
+en(4 (l-.r5))] 
2(l-•^•g) 
X g  
\ln i^sl^ijp) 
(2.67) 
The renormahzation scale /t in a5(/t") is chosen to be the same as the fragmentation 
ey  ^  ^ . . . _L 
scale up in Dg—^-y{z,n'p). The 0(05) contribution to the inclusive yield e'^e —> 
jX via quark fragmentation is 
.(1) da 
E. 7" 
+e —^qX—^jX 
E — q J x j  2 E 
- A' e -^qX 
V d;i 
'^pi (-. • ?) Dq—>-'y{^-,l^'p) . (2.68) 
with 
El 
e —^(ifA 
^3 
' - 'PI  
'<^(-s) 9 1 Cp 27r 
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+ (1-3cos2 07) |. (2.69) 
P f ^  For the common overall normalization function Fq^{s), we use an expression 
that includes 7, Z° interference: 
4 + + loel^) {\vq\^ + |agP) —9 ^ 
s [ s -  M|) 
•leqvevq- (2.70) 
(.-M|)- + M|r|J 
The vector (t>) and axial-vector (a) couplings are provided in Table 2.1 and Table 2.2. 
The mass and width of Z° particle are set to be = 91.187 GeV and ^^ = 2.491 
GeV. These and other constants used here are taken from Ref. [22]. The weak mixing 
angle sin^ Ow — 0.2319. For the electromagnetic coupling strength aem, we use the 
solution of the first order QED renormalization group equation 
Here is the first order QED beta function, 
/'o = -5E^/4' 
f  
with Nq the number of colors for flavor / and e j the fractional charge of the fermions. 
9 9 The sum over / extends over all fermions (leptons and quarks) with mass m~j- < j-i". 
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For the energy region of interest here, we do not include the top quark in the sum in 
Eq. (2.72), and we obtain = —80/9. To fix the boundary condition in Eq. (2.71), 
we let = 1/128 and set fiQ = M^. 
In the 0  ( a s )  contributions, Eqs. (2.67) and (2.69), we employ a two-loop ex-
pression for 0:5 (jU") with quark threshold effects handled properly. is set to 
be 0.231 GeV. At y/s = M^, this expression provides 0.3 (•^^) = 0.112. 
At \/s = 10 GeV, the sums in Eqs. (2.65), (2.67), and (2.69) run over 4 flavors of 
quarks (w, d, c, 5), all assumed massless. At this energy, we do not include a h quark 
contribution in the calculation. For y/s = 58 GeV and 91 GeV, we use 5 flavors, again 
assuming all quarks massless in the short-distance hard scattering cross sections. At 
these higher energies, non-zero mass effects for the c and b quarks are accommodated 
by our scale choice in the fragmentation functions, discussed below. 
The quark-to-photon fragmentation function that appears in Eq. (2.64) and 
(2.69) is expressed as 
, 2\ 2 2.21 - 1.28^-h 1.292^ 0.049 
-HO.002 (1 - zf bi . (2.73) 
The gluon-to-photon fragmentation function in Eq. (2.66) is 
2 Dg-,^{z, /.|) = 0.0243 (1 - z) .--0-97 in (/^|//^§) • (2.74) 
These expressions for Dq-^j and taken from Ref. [4], are used as a guideline 
for our estimates. The physical significance of scale hq is that the fragmentation 
function vanishes for energies less than fiQ. For g and for the u, d, s, and c quarks, we 
set fiQ = ^QQ£)i as in Ref. [4]. Eq. (2.73) is also used for the b quark fragmentation, 
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but HQ is replaced by the mass of the quark, = 5 GeV; fi-p) = 0 for 
Hp < rufj. we set the fragmentation scale fip equal to the renormalization scale fi 
for the inclusive cross sections. In the results presented below, we vary h to examine 
the sensitivity of the cross section to its choice. 
In the figures, the inclusive cross sections are divided by an energy dependent 
cross section ctq that specifies the leading order total hadronic event rate at each 
value of s/s: 
" 0 =  3  
^ Q 
(2.75) 
By doing so, we can observe what fraction of the total hadronic rate is represented 
by inclusive prompt photon production. 
The following figures show the predicted behavior of the inclusive yield as a 
function of and 0'y, as well as the breakdown of the total yield into contributions 
from various components. 
Figure 2.11, shows the inclusive yield as a function of Ej at y/s = 91 GeV 
for photon scattering angle 9'y = 90°. Displayed are the total result and the four 
separate contributions from lowest-order fragmentation ("Oth-frag"), 0{aem) direct 
production, and the 0(as) quark and gluon fragmentation contributions. The renor­
malization/fragmentation scale is set to be yu = E-y. The same results are displayed 
in Figure 2.12 as a function of scattering angle O-y for the photon energy E'y = 15 GeV. 
Dependence of the cross sections on fi is examined in Figure 2.13 for fixed £-y. The 
figure shows the scale dependence of the cross section at y/s = 91 GeV for = 90° 
and E^ = 15 GeV. The total result shows little fi dependence, whereas the component 
contributions display considerable compensating variation with fj.. 
Figure 2.14 and Figure 2.15 show the inclusive yield as a function of E^ at ^/s = 
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Figure 2.11: Normalized invariant cross 
section for the inclusive 
process e'^e~' —> jX at 
y/s = 91 GeV shown as a func­
tion of the photon energy E^y 
q nnO 
n for O-i = 90°. 
58 GeV, appropriate for experiments at TRISTAN, and at y/s = 10 GeV, applicable 
for studies at CESR/CLEO. 
Figure 2.16 demonstrates a comparison of the predictions at the three energies 
by showing the cross section as a function of the scaling variable 
ar-y = 2E^Iy/s. Shown are curves for s/s =10, 58, and 91 GeV at 0-^ = 90°. 
Evident in Figures 2.11-2.15 is the dominance of the lowest-order contribution 
to the inclusive yield, Ecj. (2.64), at all values of -v/s, except at small values of E^fl\/s 
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Figure 2.12: Normalized invariant cross 
section for the inclusive 
process e"^e~ —> 7X at 
y/s = 91 GeV as a function 
of the photon scattering angle 
9^ for Ej = 15 GeV. 
or at small values of /j, where the O (cvem) "direct" contribution, Eq. (2.65), becomes 
larger. Following the lowest-order contribution in importance at modest values of 
Ejjy/s ( or /t) is the 0 (oem) direct contribution. The direct contribution falls away 
more rapidly with increasing (or ft) than the 0 {as) quark-to-photon fragmenta­
tion term, Eq. (2.69). Therefore, at large values of E-yfy/s (or /<), it is the 0(05) 
fragmentation term, that is secondary in importance to the lowest-order term. The 
gluon-to-photon fragmentation contribution, Eq. (2.66) plays an insignificant role 
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Figure 2.13: Renormalization/factorization 
scale dependence of the 
normalized invariant cross sec­
tion for the inclusive process 
—>• jX at ^/s = 91 GeV. 
except at very small Ej. 
Figure 2.12 shows the predicted 6^ dependence of the cross sections. Presented 
with a linear scale, the figure demonstrates, perhaps more clearly, the importance of 
the roles of the 0 (aem) direct and 0{as) fragmentation contributions. The lowest-
order contribution, Eq. (2.64), is proportional to (1 + cos"0j). However, there are 
significant sin^ components in the next-to-leading order direct term, Eq. (2.65), 
and the next-to-leading order fragmentation terms, Eqs. (2.67) and (2.69). The 
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Figure 2.14: Photon energy dependence, 
as in Figure 2.11, 
but for center-of-mass energy 
y/s = 58 GeV. 
net result is that the predicted total yield in Figures 2.12, is not proportional to 
(1 + cos^ 6j). As illustrated in the figures, the deviation of the total yield from the 
(1 + cos^ 6j) form becomes greater at smaller values of E^. (The results shown in 
Figure 2.12, all pertain to the scale choice n = E^.) One lesson from this examination 
of dependence on 9j is that it is inappropriate and potentially misleading to assume 
that the functional form (1 + cos" 9^) describes the data when attempts are made 
to correct distributions in the region of small 0^ (where initial state bremsstrahlung 
overwhelms the final state radiation in which one is interested). 
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but for center-of-naass energy 
v/J = 10 GeV. 
Dependence on the renormalization/factorization scale fi in Figure 2.13, shows 
several interesting features. As is expected from the functional form of Dq—^^ fjr'^ 
in Eq. (2.73), the lowest-order contribution, Eq. (2.64), increases logarithmically as 
H is increased. On the other hand, the in dependent term in Eq. (2.65) 
causes a decrease of the O (aem) direct contribution as /x is increased. Indeed, the 
^1 + cos^ part of the direct contribution becomes negative when 
sxj (l — ^7) < 1. The physical cross section, represented as a solid line in 
Figure 2.13, is of course always positive. 
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An especially noteworthy feature of Figure 2.13, is that the total inclusive yield 
is nearly independent of f t ,  in spite of the strong variation with f . i  of its components. 
This independence reflects the role of the fragmentation scale /.i. It is introduced to 
separate "soft" and "hard" contributions into "fragmentation" and "direct" pieces. 
As the scale /i is increased, more of the cross section is necessarily factored into 
the fragmentation contribution, and vice versa, such that the sum remains nearly 
constant. 
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Figure 2.16, shows the overall y/s dependence of the predictions. To facili­
tate comparison, we present these results in terms of the "scaling" distribution 
da I dx'^d£l'^. The case of \/s = 10 GeV is somewhat special since the con­
tribution from b quark fragmentation is not included at this energy. Otherwise, the 
contribution of the lowest-order process, Eq. (2.64), decreases at fixed as y/s is 
increased. This decrease is explained easily. In computing dajdx'jdQ^, Eq. (2.70) is 
multiplied by Eq. (2.73). The final result has a charge weighting factor of CqFq (s), 
whereas in the denominator erg, the factor is Fq^{s). Owing to the values of the 
V and a couplings in Table 1, the up-type quark contribution to Fq (s) decreases 
as y/s increases, and the down-type contribution increases. The 0{aem) direct con­
tribution to (TQ^dcr/dx'ydQ'y decreases at fixed X'j as y/s is increased from 10 to 
91 GeV. Again, the explanation may be found in the energy dependence of the ra-
tio Ylq tqFq (-s)/ Pq (•5)- Taken together these statements explain the energy 
dependence displayed in Figure 2.16. 
As remarked earlier, the particular expressions chosen for the fragmentation 
functions are not meant to be anything but illustrative expressions. It would be very 
valuable if these non-perturbative functions could be determined directly from data. 
Dominance of the </ —+ 7 fragmentation contribution in Figures 2.11-2.15 demon­
strates the important role that data from e^e~ —> 7X may play in the extraction 
of Dq-^j (z, and study of its properties. 
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3. NUCLEAR DEPENDENCE IN DIRECT PHOTON PRODUCTION 
Direct photon production in a nuclear environment may have additional nuclear 
dependence due to multiple scattering, which is often described as multiple scattering 
of partons in nuclear matter [14, 16, 17, IS]. The multiple scattering for a photon 
with large transverse momentum is dominated by double scattering. 
In some of the previous work on this topic, an independent scattering picture 
was adopted [14]. In this picture, each scattering was treated independently, and a 
cross section for multiple scattering is proportional to a classical convolution of many 
Born cross sections. For example, the cross section for double scattering was assumed 
to be proportional to a product of two Born cross sections. It is clear in this picture 
that the double scattering cross section is not infrared safe. This problem arises 
since the kinematics of the single particle inclusive cross section can only provide a 
constraint on the total momentum from the target, which leaves the possibility that 
one of the Born cross sections becomes infinity when the momentum from the target 
to this Born cross section approaches to zero. Therefore, theoretical predictions from 
this independent scattering picture are sensitive to the infrared cutoff introduced in 
the calculations. 
Luo, Qiu and Sterman (LQS) have shown that the anomalous nuclear enhance­
ment can be described naturally in perturbative QCD, in terms of a nonleading power, 
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or "high twist" formalism [18]. In their treatment, quantum interference between dif­
ferent scatterings was taken into account. In their generalized factorization theorem, 
the contribution from double scattering can be factorized into short-distance hard 
parts convoluted with corresponding multi-parton matrix elements in nuclei, also 
called multiparton correlation functions in nuclei. The short-distance partonic parts 
are calculable in perturbative QCD, and all infrared divergences associated with soft 
rescatterings in perturbation theory can systematically be absorbed into multiparton 
correlation functions. The multiparton correlation functions are nonperturbative, 
just like the parton distributions in the single scattering processes. These correla­
tion functions in nuclei provide information about nuclear matter and its interaction 
with high energy probes. They can reveal information different from what the nor­
mal parton distributions in nuclei can provide; and, on the other hand, they are as 
fundamental as the parton distributions. The information of these new correlation 
functions can be extracted from some processes and applied to other processes. 
We calculate the cross section of the high transverse momentum direct photon 
production in hadron-nucleus scattering, by using the perturbative QCD treatment 
of double scattering developed by LQS. The cross section of direct photon production 
is factorized into some calculable short-distance partonic parts times corresponding 
multiparton correlation functions, which are the same as those derived in Ref. [18]. 
The general formalism in our calculation is presented in the following section. Our 
detailed derivations are given in Section 3.2 and Section 3.3. The analytic results are 
summarized in Section 3.4. Numerical results on nuclear dependence are evaluated by 
using the information on the multiparton correlation functions, which were extracted 
from experiments on momentum imbalance of two-jet photoproduction on nuclear 
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targets [18]. They are presented in Section 3.5. 
3.1 Process and General Formalism 
The process we discuss in this chapter is the direct photon production in hadron-
nucleus collisions, 
/,(/) + A(p)—.7(/) + X, (3.1) 
where p is defined as the averaged momentum per nucleon. In general, the total cross 
section for the above process can be expressed as a sum of contributions from single 
scattering, double scattering and even higher multiple scattering, 
W + <^4^^7(0 + - • (3-2) 
where the superscripts (5) and { D )  represent the single and double scattering, respec­
tively, and represents other possible multiple scattering contributions. In this 
chapter, we consider only the double scattering, and its contribution to the nuclear 
dependence. 
As a result of perturbative QCD factorization [3], the single scattering cross 
section can be expressed as 
= fa/h(^ ' )  /  
a,b 
In Eq. (3.3), ^.re the normal parton distributions in the beam hadron h, 
fb/N^^^ are the effective nucleon parton distributions inside a nucleus, which should 
include the well-known EMC effect. In principle, the parton-parton scattering cross 
section, da^jj should include both direct and fragmentation contributions, since 
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an energetic photon can be produced directly at short-distance, or produced from 
fragmentation of an energetic parton which itself was produced at short-distance 
[4, 23]. For example, the partonic scattering produces an energetic quark, and then 
the quark radiates a photon (as in Bremsstrahlung). Since we are most interested in 
fixed target experiments here, the fragmentation contribution is much smaller than 
the direct contribution in most of the phase space [23]. Therefore, in the rest of 
the discussion, we consider only the direct production of photons. For example, 
at the lowest order, we have contributions from qq —s- jg "Annihilation" diagrams, 
sketched in Figure 3.1a; and gq{ox q) —)• 7<?(or q) "Compton" diagrams, sketched in 
Figure 3.1b. 
In terms of the generalized factorization theorem [24], the double scattering 
cross section can be written as: 
where I) can be viewed as the double scattering cross section between 
a parton and the nucleus. At the lowest order, it can be factorized as 
=  J  d x d x j ^ d x y  ^  T ^ - ^ { x , x i , , X f ^ , ) H ^ - ^ { x ^ , x , x j ^ , x y J )  .  (3.5) 
In Eq. (3.5), rj^-j(.T,.T^,.'r^/) are the matrix elements of four-parton operators, char­
acterized by the set of fields operators {i}; and the corresponding parts 
of partonic scatterings. The x, xj, and xy are independent collinear momentum 
fractions carried by the partons from the nucleus. The graphical representation of 
Eq. (3.5) is shown in Figure 3.2. 
At the lowest order, there are three types of partonic subprocesses that contribute 
to the double scatterings. Feynman diagrams of these partonic subprocesses are 
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(b) 
Figure 3.1: Lowest order Feynman di­
agrams contribute to sin­
gle scattering: a) "Anni­
hilation", b) "Compton". 
sketched in Figure 3.3: a) Type-1: "Annihilation" diagrams corresponding to the 
two-quark-two-gluon matrix element; b) Type-2: "Compton" diagrams corresponding 
to the four-gluon matrix element; c) Type-3: "Compton" diagrams corresponding to 
the two-quark-two-gluon matrix element. 
The invariant direct photon cross section in hadron-nucleus collision can be de­
fined in terms of cross sections in hadron-nucleon collisions, 
N^_ 
d^l 
E 
d^l 
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XkP+kT (x+XkOp (Xfc-XkOp+kT 
Figure 3.2: A graphical representation of double 
scattering contributions from the par-
ton-nucleus collisions. 
da[^) . . ( / )  
'  1  A  V; (0 (3.6) 
dh " ' dh 
where Eq. (3.2) was used. Substituting Ecj. (3.3) into Eq. (3.6), we can obtain the 
definition for the nuclear dependence parameter Ci{l)^ 
I 
1 
a { l )  =  1 -f 
in{A)  i n  
1 El —^ 
\ 
(3.7) 
From Eq. (3.7), a { l )  > 1 if d c r ^ ^ _ ^ ^ f d ^ l  is positive, which is true for the kinematical 
regime that we investigate here. However, in general, the double scattering contri­
bution aiD) may be negative, and a{l)  < 1 in certain parts of phase space. The 
fact that a cross section should be positive requires the sum of all possible multiple 
scattering contribution to be positive. The separation between single and double 
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(Xk-XkOp+ki 
(b) 
(c) 
Figure 3.3: Three types of leading or­
der Feynman diagrams con­
tribute to the double scat­
tering. a) Type-1 subpro-
cess; b) Type-2 subprocess; 
c) Type-3 subprocess. 
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scattering is not unique. For example, two scatterings can be very close to each 
other, and localized in one nucleon, in which case double scattering will not provide 
the anomalous nuclear dependence and may be classified as a single scattering. 
In general, double scattering contributions are proportional to some four-parton 
matrix elements, for example, as shown in Figure 3.2. Such four-parton matrix 
e l e m e n t s ,  i n  p r i n c i p l e ,  d e p e n d  o n  t h r e e  i n d e p e n d e n t  m o m e n t u m  f r a c t i o n s ,  x ,  x j ^  
and Xj^f. After collinear expansion of parton momenta linking the matrix elements 
and partonic parts, all four-parton fields are put on the light-cone, and all three-
momentum fractions become physical and limited from 0 to 1 [25]. Such four-parton 
matrix elements, depending on three independent momentum fractions, are very 
rich in information and are certainly difficult to extract from data. However, we 
argue [IS] that under the leading pole approximation, depends on a 
sub-set of four-parton matrix elements, or correlation functions, which depend on 
only one-momentum fraction. With a reasonable assumption of nuclear structure in 
terms of color singlet nucleons, the double scattering contribution, is 
proportional to A^/^. Consequently, the value of a { l )  will be between 1 and 4/3, 
depending on the relative size of contributions from the single and double scatterings. 
If the double scattering contribution is as large as the single scattering contribution 
in a certain part of the phase space, the value of a{l) in the same phase space can be 
as large as 4/3. 
The double scattering cross section are derived in the following sections. The 
method that is used here was first introduced in Ref. [18]. It can be summarized in 
the following technical steps: a) factorize the double scattering contribution into a 
convolution between the partonic hard parts and corresponding multiparton matrix 
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elements (e.g., see Eq. (3.5)); b) at the leading pole approximation, integrate over two 
of the three independent momentum fractions by contour integrations, and reexpress 
the multiparton matrix elements in terms of the Tq{x,A) and Tg{x,A). They are 
defined in Eq. (3.26) and Eq. (3.31); c) calculate the corresponding partonic hard 
parts. 
3.2 Double Scattering and Factorization Beyond Leading Power 
The double scattering cross section can be factorized into calculable hard parts 
and four-parton matrix elements. At the order that we are interested, only three types 
of partonic subprocesses, as sketched in Figure 3.3, contribute to the double scattering 
cross section introduced in Eq. (3.5). These three types of subprocesses 
correspond to adding two gluons to the lowest order "Annihilation" and "Compton" 
subprocesses, shown in Figure 3.1. 
Consider the subprocess shown in Figure 3.3a, There are four physical partons 
linking the matrix element T and the partonic hard part //, as shown in Eq. 3.5. After 
taking into account of momentum conservation, there are still three independent 
four-momentum linking the partonic part and corresponding two-quark-two-gluon 
matrix element. In the center of mass frame of high energy collision, all partons 
inside the nucleus are moving almost parallel to each other, along the direction of 
the nucleus. Therefore, all three parton momenta can be approximately replaced 
by the components collinear to the hadron momentum, except gluon's momenta, 
because we will integrate over momentum fractions, and before putting these 
field operators on light-cone. After such collinear expansion, the double scattering 
contribution from the generalized "Annihilation" subprocess shown in Figure 3.3a 
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can be written as [18] 
d^ { D )  
^  j  d x d x f ^ d x y  J  d ^ k j ' T { x , X } . , X j ^ f , k j ^ , p )  
xH{x'p',x,Xj.,xy,kj<,pJ) , (3.8) 
where 2 x ^ s  is the flux factor between the incoming beam quark and the nucleus, and 
x'p' is the momentum carried by the beam quark. In Eq. (3.8), the two-quark-two-
gluon matrix element, T, is defined as 
T { x , x j . , x y , k j ' , p )  
r  d y 2  d y -  d ^ y j -
J 27r 2tt 27r (27r)2 
J ^ k P ' ^ y ~  e ~ ' ^ ^ k - ^ k ' ^ P ' ^ y 2  e - ^ ^ T V T  
The corresponding partonic part H is given by the diagrams shown in Figure 3.4, with 
gluon lines contracted with pPp^ ^  quark lines from the target traced with (7 • p)/2, 
a n d  q u a r k  l i n e s  f r o m  t h e  b e a m  t r a c e d  w i t h  ( 7  •  { x ' p ' ) ) [ 2 .  
In deriving Eq. (3.9), we used Feynman gauge, and kept the leading contribution 
from the gluon field operators as AP w A'^{pPjp'^). We also kept the kji for the 
gluons in order to perform x^ and xy integration first, and extract the contribution 
beyond leading twist. 
By expanding the partonic part H  introduced in Eq. (3.8) at k j <  =  0, we have 
H { x ' p ,  .r, x f , ,  x j , f ,  k r p ,  p, /) = H { x ' p  ,  x ,  x j . ,  .r^,/, k j ^  =  0, p, I )  
dH 
+ d k ^  krnz=.Q 
k ^  
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Figure 3.4: Feynman diagrams for 
the "annihilation" diagrams 
corresponding to the 
two-quark-two-gluon matrix 
element: a) real diagrams, b) 
and c): interference diagrams. 
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+ ^  
1 d^H 
2 d k p k ^  
k^ k^ + • • • • (3.10) 
k j t = 0  
In the right-hand-side of Eq. (3.10), the first term is the leading twist eikonal contri­
bution, which is not what we are interested in here. The second term vanishes after 
integrating over fcy. The third term will give the finite contribution to the multiple 
scattering process. Substituting Eq. (3.10) into Eq. (3.8), and integrating over dr'k'jp, 
we obtain 
d J ^ D )  
E l  ^3^ = j d x d x ] ^ d x y T { x , x y . , x y , A ) ( ^ - g ' ^ ^ ^  
(3.11) x 1 - n H { x ' p ' ,  X ,  X J ^ ^ ,  x-w, krp = 0, p, I) 
2 d k ^ d k ^  
where the modified matrix element T is given by 
T i x ,  x y x u , A )  =  
^ J ZTT ZTT 27r 
• (3-12) 
In Eq. (3.12), and F^^ is the field strength, and vector 
3.3 Leading Pole Approximation and Final Factorized Form 
3.3.1 Leading Pole Approximation 
The double scattering contribution defined in Eq. (3.11) depends on integrations 
over three independent partonic momentum fractions re, xj^, xy. If all partons in 
Figure 3.4 carry some finite momentum fractions, the oscillations of the exponentials 
in the matrix element T defined in Eq. (3.12) will destroy any nuclear size enhance­
ment that could come from the y integrations. However, even at the lowest order. 
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we find that there are some Feynman diagrams which have two poles corresponding 
to zero momentum fraction partons. Since these poles are not pinched, they do not 
correspond to any zero-momentum real gluons. Therefore, two of the three parton 
momentum fractions can be integrated explicitly by contour integration. These in­
tegrations will eliminate two exponentials, and thus, the corresponding y integration 
will provide the nuclear size enhancement up to But, in terms of double scat­
tering picture, if we require two soft field operators to come from the same nucleon, 
we will get a well-known enhancement. 
In principle, there are double scattering diagrams without such poles. In our 
calculation, we evaluate only diagrams that have such poles. This approximation is 
called the leading pole approximation. 
In order to perform the integration of momentum fractions, it is convenient to 
rewrite the double scattering contribution defined in Eq. (3.11) as 
/  ( D )  
'  S i  
x 
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2 d k ^ d k ^  
H i y i  , y  , y 2  =  0 , p , l )  (3.13) 
In Eq. (3.13), the modified partonic part H is defined as 
-f^(yf 5 = j d x d x j , d x j , f  ^1 y e  H  
x H { x ' p  , x , x j , , x y , k j ^ , p , l )  , (3.14) 
where the partonic part H is given by diagrams shown in Figure 3.4. It is clear from 
Eq. (3.14), all integrals of momentum fractions can now be done explicitly without 
knowing the details of the multiparton matrix elements. 
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Consider the diagram shown in Figure 3.4a, the final state photon-gluon two 
particle phase space can be written as 
1 1 /  t  — —  I h ' j '  •  l \  
+ + + —^, ^ . (3.15) 
Stt-^  X s  + u \ x's + U X s + I 
In deriving Eq. (3.15), we have taken the factor d^ljEi out of the phase space due to 
the definition of invariant cross section (e.g., see Eq. (3.13)). Using Eq. (3.15), the 
contribution to H from the diagram shown in Figure 3.4a can be expressed as 
•'••fc -  ^ " '^k + 
I x't -k% - 2kr • l\ 
x6 j a; + .TiL 4— 1 j ] , (3.16) 
y ^ x's + u x's + u J 
where the subscript la has following convention: "1" stands for the type-1 subprocess, 
shown in Figure 3.3a; for the real contribution, corresponding to diagrams in 
Figure 3.4a. In Eq. (3.16), the factor Ci is an overall color factor for the type-1 
subprocess. The function Ii^ in Eq. (3.16) is given by 
^ {-dap) ' (3.17) 
where and are the right and left blob, respectively, as shown in Figure 3.4a. 
These blobs include all possible tree Feynman diagrams with the same external par-
tons. Substituting Eq. (3.16) into Eq. (3.14), we obtain 
H , „  =  
X s + u J 
• ^ k  ^ I X /  O'' c 
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X jdxye'''k>P'^y2 
k l  
t e  
x ' s  
s ( i  +  x ^ .  +  ^ ^  +  
«/ \ X 5 "r W 
X 
x't 
x's + u
- k ^  — 2 k j '  •  I  
x's + u 
(3.18) 
After performing d x j ^  and d x j ^f by contour integration, and d x  by the ^-function, we 
derive 
1 ixp+y-^ i{k^lx's)p^{y -y.2 ) 
= (27ra.)Ci^^e 
x e { - y 2 ) 0 { y Y  - y ~ ) l i a i ^ ^ ^ h ^ y )  (3.19) 
where the ^-functions are the results of contour integration, and the momentum 
fractions for the function 7]^^ are defined as 
1 
X = — 
x's + V, 
x ' t + ^ -  - I k r p  •  I  
x ' s  
k l  
X k '  = 0 
x't 
X = —• 
x's + u 
(3.20a) 
(3.20b) 
(3.20c) 
(3.20d) 
Similarly, we derive the contribution from the diagram shown in Figure 3.4b as 
x ' s  u  
^ 0 { y 2  - y ~ ) ^ i y i  ' (3.21) 
where .t, xj^ and x y  are also defined in Eq. (3.20). Similar to Eq. (3.17), the partonic 
part Iiij is given by 
' " 7 • 7 • (-!lc0) . (3.22) 1^6 = lTr
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The diagram shown in Figure 3.4c has following contribution 
H l c  =  { 2 T T a s ) C i - r ^ — - 2 / 2 )  
x's + u 
(3.23) 
In deriving Eq. (3.23), we used the fact that the partonic part when Xf, 
and Xj^/ are evaluated at the same values as listed in Eq. (3.20). 
Combining and Hi^. (given in Eqs. (3.19), (3.21), and (3.23), respec­
tively) together, we can obtain the total contribution to H, defined in Eq. (3.14), 
from the type-1 diagrams shown in Figure 3.3a, 
H i  = H i a  +  H - ^ h  +  H i c  
=  { 2 i r a s ) C i  ) 0 ( ^ - y - )  e { y - -  y - )  
x 
X s + u 
i ^ ^ ( x , X } , , x y ) - e - ' ' P  y i  I i a { x , x f . , x y )  (3.24) 
All momentum fractions in Eq. (3.24) are evaluated at the values defined in Eq. (3.20). 
In deriving Eq. (3.24), we have dropped a term proportional to 
[0(-y^)0(7/j~ - y ~ ) - 0 { - i j 2  - y ~ ) d { y i  - y 2 ) - 0 i - y ~  - y 2 ) ^ ( - y ~ ) ^  —' o 
as ~ l/{xp'^) —>• 0. Physically, it means that all y integrations in such term are 
localized, and therefore, will not give any large nuclear size enhancement. 
By substituting Eq. (3.24) into Eq. (3.13), we can obtain the lowest order double 
scattering contribution from the type-1 diagrams shown in Fig. 3.3a. One important 
step in getting the final result is taking the derivative with respect to k^p as defined 
in Eq. (3.13). Comparing Eq. (3.24) with Eq. (3.13), and knowing the fact that 
e ' ^ P ' ^ y i  I ia{ x , x i , , x y ) - e ' ^ P  I ia{ x , x f . , x i ^ , )  
k'j'=0 
= 0 , (3.25) 
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The derivatives on the exponential exp[i (k^/x^sj p'^{y~ — y^)] do not contribute, 
and therefore, we can set exp[i (k^fx's^ P'^{y~ — 2/^)] = 1 in Eq. (3.24). 
Define the two-quark-two-gluon matrix element Tq{ x ,  A)  as 
In Eq. (3.26), Fjj,!/ and t/iq are the field strength and quark field operator, respectively. 
Substituting Eq. (3.24) into Eq. (3.13), and use Eq. (3.26), we obtain 
where ' stands for the double scattering contribution from the type-1 subprocess 
shown in Figure 3.3a. It is important to note that although the interference diagrams 
shown in Figure 3.4b and Figure 3.4c are important in driving Eq. (3.27), the final 
result depends only on the real diagram shown in Figure 3.4a. That is, the double 
scattering picture is preserved. The role of interference diagrams is to take care of 
the infrared sensitivities of the short-distance hard parts. 
3.3.2 Final Factorized Form 
The derivatives with respect to k j <  are straightforward. It is most convenient to 
reexpress the derivatives in terms of derivatives with respect to x or x. After working 
a e m i ^ T ^ a s ) "  e i  C i  
i 
2 ^2 
Tq{ x ,  A) X j , ,  x y ) ] , (3.27) 
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out the derivatives, we obtain [18] 
E 
d a  ( D )  2.2 1 
x2 
+ 
/  f T g { x , A ) \  
\  d x ^  \  X  j  
m  
l l  
d  f T q j x . A y  
d x  \  X  
{ x ' s  +  n ) "  
— u  
x ^ s { x  s  +  u )  (3.28) 
where x  is given in Eq. (3.20d). The partonic hard part Hqq is defined as 
Hqq = C i  X x j ,  =  0, x j ^ f  = 0) . (3.29) 
Following the same derivation, we obtain contributions from the type-2 shown 
in Figure 3.3b. It is 
; ( D )  
da^ 9 9 1 1 
x2 
+ 
^2 (Tg{ x , A )  
dx^ V ^ 
^ (Tg{ x ,  A)  
d x  
{ x ' s  +  u ) ^  
— u  
x ' s { x ' s  +  u )  (3.30) 
In Eq. (3.30), Tg{x ,  A)  is the four-gluon matrix element and defined as 
y  )  
with Fjxi/ as the field strength. 
In Eq. (3.30), the partonic hard part Hg is defined as 
Hg =  C2 l2a{^i^k  =  (3.32) 
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where C2 is the overall color factor for the type-2 diagrams, and 72^ is given by the 
real diagrams shown in Figure 3.5, and defined as 
7 • {x'p' + x},p + krp)R^^ 7 • l' ] (-<7a/3) , (3.33) 
where l' = x'p' + {x + Xj^)p — I is the momentum carried by the quark going to the 
h a  =  ^ T r  
final state. 
(x+XkOp 
(xk-XfeOp+ki 
Figure 3.5: The real "Compton" diagi'ams 
corresponding to the four-gluon 
matrix element. 
Similarly, for the type-3 diagrams, as sketched in Figure 3.3c, we obtain 
E l  
da. ( D )  2 2 1 1 
d ^ l  
x2 
+ 
( T ( , { x , A )  
dx'^ \ X 
l _  ( T q i x . A )  -
d x  
( x ' s  +  w )  
—11 
x ' s { x ' s  +  u )  
The partonic hard part Hq in Eq. (3.34) is defined as 
Hq = C3 a; 
(3.-34) 
(3.35) 
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where C3 is the overall color factor for the type-3 diagrams, and is given by the 
real diagrams shown in Figure 3.6, and defined as 
ha = J Tr [7 • p < 7 • l' ig."] . (3.36) 
where f is the same as that defined in Eq. (3.33). 
xp 
X'p' x'p' 
Figure 3.6: The real "Compton" diagrams 
corresponding to the 
two-quark-two-gluon matrix el­
ement. 
The twist-four matrix element Tj(.'r, A) with i =  q ,  g  in Eqs. (3.26) and (3.31) 
are originally introduced in Ref. [18]. They provide information about nuclear matter 
and its interaction with high energy probes, and are as fundamental as the normal 
parton distributions. 
3.4 Analytic Result 
To calculate the nuclear dependence parameter a { l )  defined in Eq. (3.7), we need 
to evaluate both contributions of single scattering and double scattering. 
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For double scattering, the partonic short-distance hard parts, defined in Eqs. (3.29), 
(3.32) and (3.35), can be easily evaluated by calculating corresponding Feynman di­
agrams shown in Figures 3.4, 3.5, and 3.6. They are given by 
^ 2 7 J  \ x ^ s  +  u ^  — u  
— u  x ^ s  - | -  u  
+ 
k  
36/ \ x ' s  -F u  x ' s  
, 1 N ( x ' s  — u  
Ha = t7 —+ -7-
16 -U X's 
(3.37a) 
(3.37b) 
(3.37c) 
After convoluted Eqs. (3.28), (3.30), and (3.34) with corresponding parton dis­
tributions from the beam, following Eq. (3.4), we obtain the complete analytical 
expressions for the double scattering contribution in hadron-nucleus collisions; 
,(0 
x ' s  4 -  u  
(3.38) 
where Yhq runs over all quark and antiquark flavors. In Eq. (3.38), the functions 
with i = q,g represent the effective parton flux from the nucleus, are given by 
$• = ( T i i x . A )  
5.X-2 
l i  
{ x ' s  4 -  u ) '  + 
A  ( T i { x , A )  
d x  X X s {x s  +  u) 
. (3.39) 
The T i { x ^ A )  with i  = in Eq. (3.39) are the twist-four matrix elements in nuclei, 
given by Eqs. (3.26) and (3.31). 
For single scattering, following Eq. (3.3), the lowest order invariant cross section 
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for direct photon production is given by Ref. [4] 
(5) 
a,o ^ ' 
X aemas (j) (;7^) . (3-«) 
where Yla h gluon, quark and antiquark flavors; and the matrix elements 
for the "Annihilation" and "Compton" subprocesses, sketched in Figure 3.1, are given 
by 
\Mqq^^g\ = e\ 2 J + i (3.41a) 
\Mqg-^^q\'^ = 2 ^ ; (3.41b) 
where eq is the fractional charge carried by a quark of type "f/". The invariants s, t 
and u ai'e usual Mandelstam invariants for the parton-parton subprocess. They are 
related to those at the hadron-nucleon interaction by 
J = .t' X s, i = x't, II = X u ; (3.42a) 
s = {p' + p)2, t = {p' - /)2, u = {p- if- . (3.42b) 
3.5 Model for Multi-parton Distribution and Numerical Results 
Using the analytical results presented in Eqs. (3.40) and (3.38), we can evalu­
ate the nuclear dependence parameter ol{1) defined in Eq. (3.7), and compare our 
numerical results with recent data from Fermilab experiment E706 [20]. 
The nuclear dependence parameter a { l )  defined in Eq. (3.7) depends on contri­
butions from both single scattering and double scattering. All these contributions 
69 
depend on the nonperturbative parton distributions or multi-parton correlation func­
tions. In deriving the following numerical results, the Set 1 pion distributions of 
Ref. [26] are used for pion beams; and the CTEQ3L parton distributions of Ref. [27] 
are used for free nucleons. The twist-4 multi-parton correlation functions defined in 
Eq. (3.26) and Eq. (3.31) have not been well-measured. By comparing the definition 
of these twist-4 correlation functions with the normal twist-2 parton distributions 
[28], authors of Ref. [18] proposed following approximate expressions for the twist-4 
correlation functions, 
= (3.43) 
where i  = </, q ,  and g .  The are the effective twist-2 parton distributions in nuclei, 
and the factor is proportional to the size of the nucleus. The proportionality 
constant, A^, has a dimension of [energy]^ due to the dimension difference between 
twist-4 and twist-2 matrix elements. The value of was estimated in Ref. [29] by 
using the measured nuclear enhancement of the momentum imbalance of two jets in 
photon-nucleus collisions [30, 31], and was found 
a2 « 0.05 ~ O.lGeV^ . (3.44) 
This value is not too far away from the naive expectation from the dimensional 
analysis, A^ ~ ^QCD" calculation below, we use A^ =0.1 GeV^. Therefore, 
the numerical results presented here can be viewed as the upper limit of the theoretical 
predictions. 
The dependence of the twist-4 multiparton correlation functions, intro­
duced in Eq. (3.43), is not unique. From the definition of the correlation functions 
in Eqs. (3.26) and (3.31), the lack of oscillation factors for both y~ and integrals 
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can, in principle, give nuclear enhancement proportional to The A}-!^ depen­
dence is a result of the assumption that the positions of two field strengths (at ?/~ 
and y^i respectively) are confined within one nucleon. 
In Eq. (3.43), the effective nuclear parton distributions should have the 
same operator definitions of the normal parton distributions with free nucleon states 
replaced by the nuclear states. For a nucleus with Z protons and atomic number A, 
we define 
A)  =  A +  j f i /p l ' : ) )  -4) . (3.45) 
where /^yjY(a'") and f ^ j p i ^ )  with i  =  q , q , g  are normal parton distributions in a free 
neutron and proton, respectively; and N = A — Z. The factor takes care 
of the EMC effect in these effective nuclear jjarton distributions. We adopted the 
i?EMC j^ef. [32], since they fit data well. However, at fixed tai'get energies, the 
X values covered by the direct photon experiments are large and out of the nuclear 
shadowing region. The integration over dx^ in Eqs. (3.40) and (3.38) averages out 
the EMC effect from the large x region. Actually, one can neglect the 
Eq. (3.45). 
Using parton distributions and correlation functions introduced above, and the 
analytical results presented in Eqs. (3.40) and (3.38), we can predict the nuclear 
dependence parameter a(l)^ defined in Eq. (3.7), without any further free parameter. 
In Figure 3.7, we compare our numerical predictions for the nuclear depen­
dence parameter with the recent experimental data from Fermilab experiment E706 
[20]. The Q!E706(0 presented in Figure 3.7 is slightly different from that defined in 
Eq. (3.7). E706 measured the direct photon cross sections with the 7r~ beam on two 
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Figure 3.7: Cronin effect in direct pho­
ton production with 515 
GeV tt"" beam on Cu and Be 
targets. The theory curve is 
from Eq. (3.46). 
different targets; Cu(A = 63.55) and Be(j4 = 9.01); and the <^£706(0 extracted 
according to following definition 
^CuW = (3 46) 
The beam energy is p' = 515 GeV. It is clear that the theoretical calculation presented 
in this work is consistent with the data. 
It is evident from Figure 3.7 that the nuclear dependence parameter Q'E706(0 
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is very close to unity, or equivalently, the Cronin effect for direct photon production 
is very small, and much smaller than that observed in the single particle inclusive 
cross sections [13]. One clear difference between the direct photon production and 
the single particle inclusive cross section is that direct photon production has only 
initial state multiple scattering, while the single particle inclusive has both initial and 
final state multiple scattering. In addition, the single particle inclusive cross sections 
depend on the parton-to-hadron fragmentation functions. 
As pointed out in Ref. [18], the multiple scattering contribution is most im­
portant when the momentum fraction x from the nuclear correlation functions is 
large because of the derivatives with respective to the x, which were introduced in 
Eq. (3.39). However, for direct photon production, the kinematics could not fix all 
parton momentum fractions, and still leave one momentum fraction to be integrated. 
For example, the dx' in Eqs. (3.40) and (3.38) still needs to be integrated. Because 
of the steeply falling feature of the distributions and correlation functions, the cross 
sections in the central region {xp ~ 0) for a given value of is dominated by the 
distributions with momentum fractions a;' ~ a; ~ xj^ = 2lj' / ^ /s, which is less than 
0.6 even for the largest value of Ij' shown in Figure 3.7. Therefore, the double scat­
tering contribution is relatively small because of the insignificant contributions from 
the derivative terms, and consequently, the aEygglO is close to one. 
However, for the single particle production, the parton-to-hadron fragmentation 
functions will effectively enhance the contribution of the large x region because of all 
fragmentation functions vanish when 2 goes to 1. Kinematically, the direct photon 
production corresponds to the single particle production at ^ = 1. Therefore, we 
expect that single particle production has a larger Cronin effect than the direct photon 
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production at the exact same kinematics, even without including the contribution 
from the final state multiple scattering. 
In the case of a pion beam, the quark-antiquark "annihilation" subprocess, 
sketched in Figure 3.1a, dominates the production of direct photons at fixed tar­
get energies, due to the valence antiquarks in the beam. However, if we use a proton 
beam, the quark-gluon "Compton" subprocess, as sketched in Figure 3.1b, is more 
important for the production of direct photons. Therefore, the direct photon pro­
duction with a proton beam is more sensitive to the gluon distributions in hadrons. 
Figures 3.8, 3.9, 3.10 and 3.11 show our predictions of the nuclear dependence pa­
rameter q(/), defined in Eq. (3.7), for a tt" and proton beam, respectively. 
In Figures 3.8 and 3.10, the nuclear dependence parameter a { l ) ,  defined in 
Eq. ( 3 . 7 ) ,  i s  p l o t t e d  a s  a  f u n c t i o n  o f  t h e  p h o t o n ' s  t r a n s v e r s e  m o m e n t u m  / j i  a t  x p  =  0 .  
In plotting these figures, a 515 GeV beam energy and a Copper target were assumed. 
The same parton distributions and correlation functions as for the Figure 3.7 were 
used. Just as in the case of Figure 3.7, the value of a{l) is very close to unity for both 
pion and proton beams. Changing a pion beam to a proton beam does not affect the 
kinematics of the collisions. The effective values of parton momentum fractions from 
the nuclear target are the same for both cases. Therefore, as explained above, the 
values of a{l) are close to unity due to the fact that the effective parton momentum 
fractions from the nuclear target are not large enough, and the derivatives do not 
give the double scattering contribution enough enhancement. 
In order to enhance the contribution from double scattering, we need to look 
for events in the negative xjp region, where the effective values of parton momentum 
fractions from the target are larger. In Figures 3.9 and 3.11, we plot the nuclear 
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Figure -3.8: Theoretical predictions of 
a{l) of Eq. (3.7) as a func­
tion of photon's transverse 
momentum at xp = 0.0 for 
515 GeV 7r~ beam. 
dependence parameter a(/), defined in Eq. (3.7), as a function o i  x j p  a t  I =  4.0, 
6.0 and 8.0 GeV, respectively. The same beam, target and beam energy were used. 
It is clear that when xp becomes more negative, the values of a{l) increase. This is 
consistent with the fact that the more negative values of xp, the larger the effective 
values of parton momentum fractions from the nuclear target, and, consequently, the 
larger the derivatives, defined in Eq. (3.39). 
The nuclear dependence calculated here is known as a power correction (or a 
^1 ' ' ' ' 1 ' ' ' ' 1 ' ' ' ' 1 ' ' ' ' |_i 
XF=0.0 
— 
— Beam: 515 GeV tt" 
-
Target; Cu 
-
Y 1 t ) 1 1 i 1 t t 1 1 1 1 1 1 1 t 1 t 1 r 
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Figure 3.9: Theoretical predictions of 
a{l) of Eq. (3.7) as a func­
tion of Xp for 515 GeV 7r~ 
beam. 
"high-twist" effect) to the normal single scattering. As one expected, the ratio of 
double scattering over the single scattering is proportional to 1//^, which vanishes as 
increases. However, because of the derivatives with respect to x in Eq. (3.39), the 
ratio effectively has three types of terms: those proportional to l//y, 1/((1 — x) l^). 
and 1/((1 —a:)"/^), respectively. For fixed values of .t, all three terms vanish as l//y. 
However, in our case, the values of x and are not independent. When effective 
values of x from the target partons are small, all three types of terms should show 
the 1//^ behavior. This is clearly evident in Figures 3.9 and 3.11: for a fixed value 
Beam; 515 GeV tt 
Target: Cu 
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Figure 3.10: Theoretical predictions of 
a{l) of Eq. (3.7), as in Fig­
ure 3.8, but with a proton 
beam. 
of x p  ~ 0, a { l r p )  decreases as I ' j p  increases. However, as xp decreases, the effective 
values of x increase much faster for larger values of due to the phase space limit. 
As a result, the term proportional to 1/((1 — a;)" Ir^) becomes more important than 
the l//y term. Therefore, it is possible that the nuclear dependence is larger for a 
larger lj<, when effective values of x near 1. Such feature is evident in Figures 3.9 
and 3.11 when xp is very negative. Of course, when q:5/((1 — x)" l^) is of order of 
unity, we will have to take into account all higher power terms [33]. 
Comparing Figures 3.9 and 3.11, one finds that as x p  grows more negative, the 
Xf=0.0 
Beam: 515 C3eV proton 
Target: du 
_L 
6 8 10 12 
It (GeV) 
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Figure 3.11: Theoretical predictions of 
a{l) of Eq. (3.7), as in Fig­
ure 3.9, but with a proton 
beam. 
values of a [ l )  with a proton beam increases much faster than with a pion beam. This 
is because the "Compton" subprocess dominates the production of direct photons 
in the case of a proton beam, and the gluon distribution in a proton falls off much 
faster than the valence quark distributions as the momentum fraction increases. The 
fast falling gluon distribution produces larger derivative terms, and therefore, larger 
values of Oi{l). Future data from Fermilab experiment E706 with a proton beam can 
test this feature. 
Beam: 515 GeV proton 
Target: Cu 
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4. PHOTONS WITH ISOLATION CUT 
4.1 Why Impose Isolation Cut and Problems Raised 
Although the cross section for the inclusive yield of high energy photons is well-
defined, and can be calculated reliably within the context of QCD perturbation the­
ory, the inclusive cross section may not be measurable at high energy experiments 
for observational reasons. Owing to backgrounds from, e.g., tt^ —> 77, a single high 
energy photon is observed and the cross section is measured only when the photon 
is relatively isolated. Isolation procedures differ in their details in different experi­
ments at electron-positron and hadron-hadron collider facilities. Different choices of 
isolation definitions change only the details of the analysis, not the basic phj'^sics. 
Owing to isolation, the predicted photon cross section develops explicit functional 
dependence on the isolation energy parameter and isolation cone 6. The is 
defined as a ratio of the photon energy, £7, and hadronic energy, -fi'/jaf/j-on' 
isolation cone. 
A proper theoretical treatment of the isolated energetic photon yield requires 
careful consideration of the origins of both infrared and collinear singularities in 
QCD perturbation theory. In a theoretical calculation, photon isolation limits the 
final-state phase space accessible to accompanying gluons (g) and quarks (q). This 
phase space restriction may break the perfect cancellation of soft singularities in each 
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order of perturbation theory that guarantees reliable predictions in the inclusive case 
[34]. The breakdown of the cancellation of infrared singularities appears first at next-
to-leading order in the fragmentation contributions. The associated physics can be 
summarized as follows. For the fragmentation contribution, hadronic energy in the 
isolation cone has two sources: a) energy from parton fragmentation, and 
b) energy from non-fragmenting final-state partons, -Sp^rfona' enter the cone. 
When the maximum hadronic energy allowed in the isolation cone is saturated by 
the fragmentation energy, Emax = ^frag'> allowance for energy in the 
cone from other final-state partons. In particular, if there is a gluon in the final state, 
the phase space for this gluon becomes restricted. By contrast, isolation does not 
affect the virtual gluon exchange contribution. Therefore, in the isolated case, there 
is a possibility that the infrared singularity from the virtual contribution may not be 
cancelled completely by the restricted real contribution. 
In a perturbative QCD (pQCD) calculation of the inclusive yield of photons, the 
quark-photon collinear singularities that arise in each order of perturbation theory, 
associated with the hadronic component of the photon, are subtracted and absorbed 
into quark-to-photon and gluon-to-photon fragmentation functions, D{z,jx''), in ac-
cord with the factorization theorem [3]. The scale denotes the fragmentation scale 
that separates the non-perturbative domain from the region in which perturbation 
theory should apply; s is the momentum fraction carried by the observed photon 
from its parent parton. Since fragmentation is a process in which photons are part 
of quark, antiquark, or gluon "jets", it is evident that photon isolation reduces the 
contribution from fragmentation terms. For a small value of the energy resolution 
parameter, e^, the isolation cut eliminates most of the contribution from parton-to-
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photon fragmentation. However, may never be equal to zero either experimentally 
or theoretically. Experimentally, the finiteness of is guaranteed by detector res­
olution. Theoretically, the perturbative calculation of the cross section for isolated 
photons is ill defined if vanishes [23]. Therefore, the isolated photon cross section 
always includes a nonperturbative fragmentation contribution. 
Fragmentation is modeled in perturbation theory as a collinear process, whereas 
experimental cone sizes are finite (5 ^ 0) and partons are manifested as sprays of 
liadrons. Correspondingly, there is an inherent conceptual incompatibility between 
theoretical, collinear fragmentation functions and empirical fragmentation functions, 
Dexp that more naturally would be defined with reference to a cone of 
specified size. In our calculation, we use the usual collinear fragmentation functions, 
Dc-^-y We derived the dependence of the cross section on cone size 8 and 
energy isolation e^. The results display a limited region of phase space in which the 
incompatibility of the collinear and finite cone size assumptions leads to an apparent 
infrared sensitivity for isolated photon cross section. Although this limited region 
is not of practical interest for experiments at current energies, it is important in 
understanding the impact of such infrared sensitivity on computations of prompt 
photon production in hadron-hadron reactions. 
Previous theoretical studies of isolated prompt photon production in e'^e~ —> 
7X include those of Refs. [6,34, 35, 36]. All four groups at LEP have published papers 
on prompt photon production [37]. A measurement of the photon fragmentation 
function from an analysis of the two-jet rate in Z decays is reported by the ALEPH 
collaboration [38]. Practical aspects of confronting theoretical calculations with data 
from LEP are addressed in Ref. [12]. 
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4.2 Isolated Photons in e'^e Annihilation 
Our calculations of isolated photon yields in e'^e~ —> jX are carried out through 
first order in the electromagnetic coupling strength, aem, and the quark-to-photon 
and gluon-to-photon fragmentation contributions through first order in the strong 
coupling strength [39]. The final results display the full angular dependence of 
the cross sections, separated into longitudinal sin" and transverse components 
^1 -1- cos^ff-yj, where is the direction of the j with respect to the e'^e~ collision 
axis. 
4.2.1 General Factorized Formula 
The definition of isolated photons in e'^e~ —>• 'yX is demonstrated in Figure 4.1. 
In this definition, a cone of half-angle 6 is drawn about the direction of the photon's 
momentum, and the cross section is defined for photons accompanied by less than 
a specified amount of hadronic eneigy in the cone, c.^., -^max 
Based on the definition of isolation, it is clear that the isolated photon cross section 
is part of the inclusive cross section. The isolated cross section can be written as 
the inclusive cross section minus a subtraction term [23]. As in the calculation of 
jet cross sections [40], the singularity structure of subtraction term is much easier to 
deal with than that of the isolated cross section itself, at the order in perturbation 
theory in which we are working. The derivation of the subtraction term is done in 
= 4 — 2e dimensions in order to display singularities explicitly. The hard-scattering 
matrix elements for subtraction terms are identical to those for the fully inclusive 
case discussed in Chapter 2, but the integration over momentum variables of the 
unobserved final-state partons is restricted by the requirements of photon isolation. 
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X 
Figure 4.1: Isolation cone 
In e ' ^ e ~  —> j X ,  as sketched in Figure 2.1, the general expression of the cross 
section for an 7n parton final state, Eq.( 2.1), is valid for both inclusive and isolated 
cross sections. The difference between the inclusive and isolated cross sections resides 
in the phase space, dPS^^\ integration for the final state partons. For isolated cross 
sections, because of the isolation condition, not all partons can be integrated over all 
phase space. For example, partons with energy larger than are excluded from 
the cone of isolation about the observed photon. 
As proposed in Ref. [23], the isolated cross section can be written as the following 
difference of cross sections: 
d a ^ f  _  
^ e-r-e ^ e^e ->7A ^ e-^e 
¥i 
In Eq. (4.1), is the cross section for inclusive photons. It is well-
defined in QCD perturbation theory. The factorized form of E^yda^^^^/d^i is given 
by Eq. (2.11) in Section 2.2 of Chapter 2. The short-distance hard-scattering cross 
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sections Ecdcr^^^^__^^^l^pc in Eq. (2.11) are derived in Chapter 2 through one-
loop level. 
From LEP experiments, cross sections for isolated photons 
' e"r e ^7A 
are well-behaved and finite. Therefore, the subtraction term E^dcr^^ _ ^./d^L 
' e I e —>7A 
defined in Eq. (4.1), should be well-behaved as well. Since the available phase 
space for the isolated photon cross section is smaller than that for inclusive pho­
tons, E^dcr^^ _ -.'/d^l should be positive and finite. In terms of the definition 
' e"r e —yjA 
given in Eq. (4.1), Ejda^}^^_ can be viewed as a "cross section" for a 
photon "jet" with photon momentum £ and hadronic energy in the "jet" cone 
restricted to be larger than £rnax = virtue of Eq. (4.1) is that the in­
frared and collinear singularities of the subtraction term are much easier to deal 
with, at the order in which we are working, than those of itself. 
We assume as a working hypothesis that the subtraction term ^ ^  
can be factored in the same way as the inclusive cross section and expressed as a 
convolution: 
e+e-^jX /I dz j^iso . o ^ 
In Eq. (4.2), we include explicit dependence on the cone size 6 in the fragmenta­
tion functions in order to point out that, in principle, the fragmentation functions 
extracted from the cross section for isolated photons may depend on the size of iso­
lation cone. Since the inclusive cross section in Eq. (4.1) is well-defined in 
QCD perturbation theory, it is our task to show to what extent the short-distance 
subtraction terms „ are free from infrared and collinear divergences, 
e ' e —i'cA 
The limits of integration over 2 in Eq. (4.2) are fixed by kinematics; 
jB-y 
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xc = Iz < 1. However, the isolation condition imposes, in addition, a require­
ment on the total hadronic energy in the isolation cone, > Emax = 
G e n e r a l l y ,  i n  t h e  c o n e  h a s  t w o  s o u r c e s :  E i l l u s t r a t e d  i n  
Figure 4.2. The fragmentation component, Ejj.g^g, is the hadronic component of the 
"jet" from which the energetic photon itself emerges. In the collinear approximation. 
The second component, contribution from other final state partons 
that are emitted into the region of phase space defined by the photon isolation cone. 
'frag 
'parton 
X 
Figure 4.2: An isolation cone containing a 
parton c that fragments into a 
7 plus hadronic energy Ej^^^g. 
In addition, the cone includes 
a gluon that fragments giving 
hadronic energy E^arion-
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For the subtraction term, 
TnCUUt. _ p < TP 
h ~ ^partons + ^ frag 
= ^partons + (^~) ^ 7 - -^-max = ^ h^l-
li z < 1/(1 + e^), or, equivalently, the constraint 
is satisfied for any value of Ep^j-foj^g. Correspondingly, there is no restriction on 
the phase space for accompanying final state partons. Consequently, 
If 2 > 1/(1 + e/j), to satisfy > cj^Ej, it is necessary that 
>cA' 
11 
E ' j .  (4.5) Epartons ^ ^ max - -E^/ra^ = -^minC^) " + ^ h) ~ ~ 
Notice that ^^minC'^) > 0 long as s > l/(l + e^), and •Emin('^) = 0 if s = l / { l  +  e j ^ ) .  
Taking into account the constraints from the isolation condition, we can rewrite 
Eq. (4.2) as 
da sub 
E. 7" 
e -^7A" 
Si 
r Jmax 
p e+e~—^cX 
d^pc 
Xc = — 
Epartons—Ej^ijn 
xDl'^^{z,6) 
max 
+ J2 ^ % Ec (xc = ^  
C Jx^ d-^Dr \  Z ^Pc 
C—>7^^: xDliZ^{z,6) (4.6) 
- E 
fiPfSub 
E e+e--.cX 
d^ PC 
irincl 
®D'i^^{z,8) 
da , 
^ e  - > c A  n i s o  
d^ •-'Pc 
®Dlf^^(z,5) 
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It is important to note in Eq. (4.6) that the short-distance subtraction terms 
^/d^pc are needed only for Xc < min[x'y(l e/j),l] < 1, if x-y < 
V(1 + ^ h)-
The modified convolution signs "®" and "®" in Eq. (4.6) are defined in the 
same way as the convolution sign "(g)" in Eq.(2.11), except for the limits of the r-
integration. For functions A{xc) and B{z), we define 
A(xc) ® B{z) = [ ^  A{xc = xyjz) B{z) ; (4.7a) 
Jx^ z^ 
A{xc)®B{z)= j r 1 ^ A{xc = xr^lz) B[z) \  (4.7b) 
Jm^x^x^,j:^\ z-
/•max .Tt /j t-t— 
Aixc)mz) = L ^ 
Jx 
A{xc = .1:7/2) B{z) .  (4.7c) 
( I 
f'y 
Notice the identity ® = ® + ®-
Using Eq. (2.11) in Section 2.2 for the inclusive cross section, and (4.6) for the 
subtraction term, from Eq. (4.1), we can derive a simplified expression for the isolated 
cross section 
dcr^^P _ y 
_ y, 
c 7max X7,Tjrr~ -2 -^\Ec 
e~ e —>cA 
d^ PC 
da sub I? e+e —s-cX 
dhc 
I A;:rincl 
E 
da' 
Ec ® 
fif^sub 
e~—»cX _ e+e~—>c.,Y 
Epartons—-^min 
0Dc—^j(z) .  
Dc—^'y{z) 
\ d^pc d^pc 
In deriving Eq. (4.8), Dc^^{z,6) = Dc^j{z), is assumed for simplicity. 
(4.8) 
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When c = 7, Dc-^'j{z) = 5(1 — z) through order O(aem), and = 0 (i.e., 
•^min — Therefore, we may rewrite Eq. (4.8) more explicitly as 
^ A 
<1^ % - V . 
+ E ^ fo ®Dc-^^{z) • (4.9) 
c=q,q,g d^Pc 
The isolated short-distance hard-scattering cross sections are defined as 
. l^ind „ 
r, e't'e —>7A „ e"re ^7A 
rp e I e —>CA 
— T? e~^e —>cA I? e'Te ^cA 
partons inside cone] (^•^0®') 
^partons>ej^E'^. 
partons inside cone;' 
^partons>E^^^. 
(4.10b) 
'Pc a'^Pc 
The value of ^'min i® specified in Eq. (4.5). 
When X'y —> 1/(1 -f e/j), the subtraction term and, consequently, the iso­
lated cross section develop a logarithmic singularity, f7z|(l + e/j) — l/-^'7l- This 
singularity is discussed in detail later. 
4.2.2 Lowest Order Contribution 
In lowest order. O (og^a®), photon production occurs only through the quark 
or antiquark fragmentation process, as sketched in Figure 2.3. In this case c = q^q 
in Eq. (4.8); and there is no direct production of photons. Owing to momentum 
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balance, the quark and anti-quark have equal but opposite momentum in the overall 
center-of-mass system, and there can be no accompanying parton in the isolation 
cone around the fragmenting parton. Therefore, at O = 1 and 
da 
Er 
{0)sub 
e"^ e~->cX 
Spc partons inside cone-, 
^partons>Ef^\^. 
= 0 (4.11) 
Substituting Eq. (4.11) into Eq. (4.8), we derive 
(0)^50 ,  \ \ J \VOU
_e_e_^7^ = / r 1 
-2 
X E Ec-
c=q,q 
^Mincl 
e"^ e —>cX 
d3 PC 
^xc — (4-12) 
A ( 0)2/20/ 9 . 
The lowest order hard-scattering cross section Ecda-^_^^_^^^/d^pc in n dimensions 
is derived in Section 2.2 of Chapter 2. The result is expressed in Eq. (2.18). Using the 
expression of Ecda-^V^^^ ^Jd^pc in Eq. (2.18), and substituting it into Eq. (4.12), 
e' e —^cX 
we obtain the lowest order isolated cross section [6] 
(O)iso da 
E. 7" 
+e-^lX 
d^i 
= 2^1 -Fq^{s) c^rnNc{l + cos^ —^<7-^7(^7,/«F), (4.13) 
q IS .X'7 
for xj > 1/(1 + e/j). At this order, the isolated cross section vanishes if xj < 
1/(1 -t- e/J. The angles O^y and 6c are identical since we take all products of the 
fragmentation to be collinear. The overall factor of 2 in Eq. (4.13) accounts for the 
q contribution. The result given in Eq. (4.13) is consistent with those derived in 
Refs. [35, 36]. 
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4.2.3 Factorized Form for the Subtraction Term at One-loop Order 
As in the inclusive case, there are three distinct contributions to the subtraction 
terms for e"^e~ at one-loop level in perturbation theory, as shown in Eq. (2.20) 
in Section 2.3 of Chapter 2. To calculate the short-distance partonic cross sections 
(hard parts), in Eq. (4.10), we first apply the factorized form in Eq. (4.6) to 
parton states perturbatively order-by-order in the coupling constants, and we then 
extract the perturbative expressions for 
To derive the direct production term corresponding to Eq. (2.20a), 6"^ 
we apply Eq. (4.6) perturbatively to first order in aem- We obtain 
{l)sub 
+e-^7X Eq(orE^)>ej,E, " 
+(<? 9) • (4.14) 
Since the zeroth order subtraction term vanishes, Eq. (4.11), and the 
e"^ e —>cA 
zeroth order photon-photon fragmentation function D^J^-y(z) = ^(1 — z), the expres­
sion for the short-distance hard part becomes 
^(l)sub ,  > ( l)sub 
o- J. _ ^ -C -  V 
e e^e —y/X EqiorEq)>ej^E'^ 
In this equation, has already been derived in Section 2.2 in the in-
e"!" e —></A 
elusive case, and can be obtained from Eq. (2.18), and the modified convolution 
"(§)" is defined in Eq. (4.7c). The perturbative fragmentation function in 
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n-dimensions is given by Eq. (2.47) in Section 2.4 of Chapter 2, and — 
Although ^ perturbative fragmentation functions 
D^j^r ^ )^^('^) both formally divergent as e —> 0, these divergences cancel and 
leave a finite expression for if the conventional QCD factorization the-
ef e —»-7A 
orem holds [3]. 
For the gluon fragmentation contribution: e~''e"~ —>• 5 —> 7 (Eq. (2.20c)), we 
apply Eq. (4.6) to a gluon state perturbatively to first order in ocs- Letting Eg be 
the gluon's energy, we obtain 
(1)3U6 
^ + - v e —>-gA 
_ ^{l)sub .  _ \A;^(0) 
Eq{orEq)>e^^Eg e+e ^gX J ^ 
+{q q) , (4.16) 
where xg = 2Egls/s, and xq = 2Eqly/s. In Eq. (4.16), the modified convolutions 
are defined in the same way as in Eq. (4.7), except that x-f is replaced by xg, and ej^ 
is replaced by emini 
^ -^min(^) 
= (1 + ej^)z - 1 > 0 , (4.17) 
where 2 = x^jxg. Because ^ < 1, there are the restrictions 
J- + ^mm ^ 
Consequently, owing to Eq. (4.11), = 0. Since D^\g{z) = ^(1 —ir), 
^min('^) — ^ 
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Eq. (4.16) can be rewritten as 
^(l)sub , .  (I)su6 / _ „{xg) = <T^ / _ 
e^e -^gX ^ e'e -^gX Eq{orEq)>e^^^Eg 
_ ^ -  (9 ->  q) .  (4.19) 
In Eq. (4.19), the divergent cross section ^ is evahiated from the Feyn-
man graphs shown in Figure 2.5, and the quark-to-gluon colHnear divergences are 
embedded in the first-order fragmentation function D^Xg- The function D^Xg is 
the same as of Eq. (2.47), except that e^{aeml'2TT) is replaced by Cp{asf'2Tr). 
The color factor C p  =  A f d .  
For the quark fragmentation contribution: e'^e~ —> 9 —> 7 (Eq. (2.20b)), we 
apply Eq. (4.6) to a quark state perturbatively at first order in a^. The short-
distance hard part for quark fragmentation can be obtained in a fashion similar to 
the derivation of ; 
e"i" e —>-gX 
^(l)sub ,  .  (l)sub 
= ' 'e+e--,gX Eg{orEq)>e^^^Eq 
• (4.20) 
(1 )szih The Feynman graphs that contribute to <7^ / _ are sketched in Figure 2.6. 
e"^ e -^qX 
In this fragmentation process, the quark is effectively "observed" through </ —> 7 
fragmentation. For the real gluon emission diagrams, sketched in Figure 2.6a, the 
gluon and antiquark are not observed and their momenta will be integrated over. 
Since eniin('^)' in Eq. (4.17), can be equal to zero, the contribution of the real 
emission diagrams to shows both infrared and collinear singularities. 
e< e -^qX 
The infrared singularity associated with soft gluon emission should be cancelled by a 
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contribution from the virtual gluon exchange diagrams shown in Figure 2.6b, if the 
conventional QCD factorization theorem holds. When the gluon is parallel to the 
fragmenting quark, the real emission diagrams manifest a collinear singularity that 
should be cancelled by the negative term in Eq. (4.20). 
4.2.4 Parton Level Cross Sections: 
In order to derive the short-distance hard parts at one-loop level, defined in 
Eqs. (4.15), (4.19) and (4.20), we must compute the formally divergent partonic 
cross sections Jn n-dimensions, for c = 7, o, o and q. We must evaluate 
e"r e -^cX 
Feynman diagrams for e'^e~ to three particle final states, (qqj) or (qqff); and e'^e~ 
to two particle final states (q^ with one-loop virtual gluon exchange. Similar to the 
inclusive cross section derived in Section 2.1 of Chapter 2, the general expression for 
the subtraction term is; 
^Jl)sub ^  ^  \-F [ ^ { s ) \  e- Cq \{Hi + H2) (4.21) 
q,m 
where m = 2 or 3 corresponding to the number of final state particles, and the con­
stant Cq is an overall color factor. In Eq. (4.21), the functions Hi and H2 are defined 
by Eqs. (2.4) and (2.5) in Section 2.1. Since the hard scattering matrix elements for 
subtraction terms are identical to those for the inclusive case, the corresponding Hi 
and i?2 each subprocess are identical to those in the inclusive case. They are de­
rived in Sections 2.2, 2.4 and 2.5 of Chapter 2. The factor in Eq. (4.21) is 
the multi-particle phase space element. The two- and three-particle final state phase 
space elements, and dPS^^"^ are given by Eq. (A.4) and Eq. (A.35) in the 
Appendix. In n = 4 — 2e dimensions, the multi-particle phase space expressions for 
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the subtraction term are formally identical to those for the calculation of the inclu­
sive cross section [7], except that the limits of integration differ here, owing to the 
isolation condition. These phase space limits are derived below for each individual 
subprocess. 
4.2.4.1 Derivation of a (l)sub 
>7X 
From the derivation for the inclusive case in Section 2.4, following Eq. (2.41), we 
have, 
+ h :  
= (l + cos^ % - 2e) 
+ ^1 + cos^ ^ 3 — 2e^ 1 
2 
.x'S 
1 1 
yi3 ^23 
2/13 2/23/. 
+ ^1 — 3 cos^ ^3^ 
4(1 " --t-'s) (4.22) 
In Eq. (4.22), we introduce the overall coupHng factor and neglect terms that do not 
contribute in the limit e ^ 0. Xj^ and y^j in Eq. (4.22) are defined as 
X • = y= (4 23) 
with i , j  =  1,2,3. For convenience, we use labels "1", "2", and "3" for the final-state 
( / ,  q  and  7 ,  respec t ive ly ;  The  var iab le  y j ^  with  j  =  1 ,2  i s  def ined  as  y j ^  = y j - ^ / x - ^ ]  
is the same as x^, and 6^ is equal to 0j in this case. 
The two S functions in dPS^^\ Eq. (A.35), are used to do the dyi2 and f/?/23 
integrations, and yi^ is left as the integration variable. Different choices of the inte­
gration variable are of course equivalent. In terms of j/23 and .T3, we have identities 
2/12 = 1 - •'^••3 ' 2/23 = •'^•3 - 2/13 • (4-24) 
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The limits of integration over yi^ are derived from the isolation requirement for 
the subtraction terms. In our parton level approach, hadronic energy in the isolation 
cone means a parton must be present inside the isolation cone of the observed photon. 
Second, this hadronic energy must be larger than (-hEj. We use 6 to denote the half 
angle of the isolation cone. The statement that the quark (parton "1") is inside the 
isolation cone provides the relationship 
f e 3 >  1 — 0:3 sm"(o/2) 
whereas the statement that the antiquark (parton "2") is inside the isolation cone 
leads to 
hz > (««) 
1 — .r3sm-'(0/2) 
Using Eq. (4.24) and 0 < 7/23 < .T3, we derive the condition that either the quark or 
the anticiuark is inside the isolation cone: 
n < < (1 . 
- *^13 - 1 _.T;3sin2(^/2) ' 
< ^13 < 1- (4.27) 
1 — X3 sin*'(^/2) 
These two regions of the ^^3 integration do not overlap as long as X'^ > \ — j'l). 
The second part of the isolation constraint is the requirement that the parton's 
energy inside the isolation cone be larger than e/j-E-y. We derive 
(1 — iro) sin2(5/2) 
max[0,(l+£,,-l/x3)l < nS < j _ ,^3 ' 
<  j j j j  <  -  (1+ £ ( , -1/ 1 3 ) ]  . (4.28) 
1 — .r3 sm"(o/2) 
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For simplicity of notation and to facilitate comparison of our results with those of 
Ref. [36], we define 
1 —X3sm^(d/2) 4 
ym = 1 + ; (4.29) 
and set = x^. The first of the conditions in Eq. (4.28) indicates that ym should 
be less than yc- Therefore, the subtraction term should vanish if ym > yc-, i-e.. 
a 
{ l ) s u b  
Here, ej^) is expressed as 
^ , \ =  ( -
+  ^ h '  1  +  ^ 1  -  4 e / j  s i n 2 ( 6 / 2 ) / ( l  +  e / j ) 2  
e.) = ( ) , (4.31) 
^ \i   eu ^ j_./7iri771w^7779w77Z7r^ 
We note that 
(4.32) 
if 6 7^ 0. Eq. (4.30) is actually a condition due to energy-momentum conservation. 
We consider next, in turn, the regions x^ < 1/(1 + e/j) and xj > 1/(1 + e/J. If 
xj < 1/(1 + e/j), the integration over ^^3 for has two separate intervals, 
defined in Eq. (4.28), 
/ /q"'%3 + 
Substituting Eq. (4.22) into Eq. (4.21), and performing this ^ ^3 integration, we derive 
parton level cross section 
p e+e ->7A 
A 
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Ls 
0 \ e 
47r/x~' \ 1 
(5/4) sin" r(l — e) 
1 2 {^em\ 
xj 'n 27r J 
X I (1 -f cos2 By -  2e)  M + 
-j-(l -|- cos" ^ 'y) 
Xj 
(-i) 
/ / \ 
£72 ^ 
V'^MS/ 
+ £n(a;^(l — xj)) 
+^n{yc) + yc) + 3^7(1 - 2?/c) 
+ (1 — 3 cos 9j) 1 — Xj^ 
l-y 
) (2!;C)|. (4.34) 
In Eq. (4.34), the usual modified minimal subtraction is 
li—— = 47r e 
^MS ^ ' (4.35) 
where 7£; is Euler's constant. The 1/e poles in Eq. (4.34) arise from the 
and 1/2/23 terms in Eq. (4.22). Referring to Eq.(4.15), and using Eqs. (2.1S) and 
(2.47) in Chapter 2, we observe that the 1/e pole in Eq. (4.34) is exactly cancelled. 
Consequently, for xj < 1/(1 + e/J, the finite short-distance hard part is 
£• 1~ 
= 2E 
Q 
e '  e  ^7A 
L 5  ^  
2 J: 
^em^c 
X-y 
2 f  (^em\ 
x(l -f cos" 0^) 1 -h (1 - x^y 
x^ 
in  
MS-
52' 
-f-<?n(a:X(l - x ^ f ) )  + i n  I (1 - •^'7)^ + X'j (4.36) 
In Eq. (4.36), we neglect terms of 0(6"). 
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If aj'y > 1/(1 + e^), the negative term, defined through the ® convolution in 
Eq. (4.15), vanishes. In this region of phase space, there should not be any collinear 
divergences in the partonic cross section, since there is no 
' e~r e —)'7A 
counter term to cancel them. If the fragmentation process were exactly collinear, 
(1)5W6 ^ 
the subtraction term would vanish, kinematically, for > 
1/(1 + e^). However, a finite isolation cone 6^0 allows for a non-vanishing 
(\]sub Q 
E^dcr even when > 1/(1 + Equation (4.30) shows that 
there is a narrow interval, 1/(1 + eyj < xj < in which a non-vanishing 
is allowed kinematically. 
In the narrow interval, 1/(1 + < x-j < e^), the integration over yi^ 
for has two separate regions; 
/ dm ^  f'yi3 + ^  • 
•' •'ym •'^—yc 
(4.37) 
Eq. (4.29) shows that ym > 0. Therefore, iji^ > 0 and yi^ < 1. Consequently, there 
is no collinear divergence and the integration over ?/j3 can be done completely in 
n = A dimensions. 
For 1/(1 + (-Ji) < e/j), we derive 
E 
(1)5W6 
-I- - V e~ e —+7A 
d^i 7" 
= 2E 
9 
9 1 
^em^c — X'y 
X < (1 + cos" 0^) 1 + (1 — x ' j )  
x^ 
4a;'y {yc — ym) 
2 f  Oiem \  
J 
2 
Vm 1 - yc 
+ (1 — 3 cos" 0^) 1 — x  7 { y c  -  y m )  
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= 2E 
9 
2 A7 1 
X'y 
2 f otem\ 
\ ^ )  
x(l + cos" 0-y) 
^0{s\ 
1 + (1 — a-"7)" 
in 
X 7 
(1-.T7)6-^/4 
(4.38) 
ill Eq. (4.38) manifests a logarithmic divergence, which 
is of the nature of a collinear divergence, as —> 1/(1 + e^). This problem arises 
from the incompatibility of collinear fragmentation, used to define the counter term 
in Eq. (4.15), and the cone fragmentation used in the definition of the partonic cross 
section in Eq. (4.15). More discussion of this issue is given 
'  e ' e  ^ 7 A  
later. 
   
4.2.4.2 Derivation of a ^ (l)sub 
e"^e - >gX 
Feynman diagrams for the finite short-distance hard part for the gluon fragmen­
tation process, order as, e'^e~ —> 7, are shown in Figure 2.5. The similarity 
between the Feynman diagrams for e'^e~ —> 7, shown in Figure 2.4, and those for 
+ <.~ e ' e g  ^  " f i  allows us to exploit the results derived in the previous subsection. 
We can derive from the expression for given 
e'Te~-^gX e^e~-^'^X 
ui 
Eqs. (4.36) and (4.38), by making the following four replacements: xg-, Nc 
NcCf, of the final photon emission vertex by = iiras] and ej^ —> en^in(-^)-
The last replacement is absent for the inclusive case. Here r = x^/xg. 
If Xg < 1/{1 + Cmin): which is the same as .T7 < 1/(1 -t- e/j), these replacements 
in Eq. (4.36) provide the finite short-distance hard part 
dcr 
E. 
{\)sub 
'^ 'e~^gX _ 
Pa 
= 2 E  
<7 
2 /V 
.s '• ^g. 
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,  2 o  \  l  I  1  +  ( 1 - X g y  X(1 + COS 0^) ' ' ^ 
Xg 
in 
9 6 
+enixg{l -  Xg)) + I (1 - a;^)-
MS> 
+ Xg 
+0{6^) . (4.39) 
If Xg > 1/(1 + Cj^jn), which is the same as xj > 1/(1 + e/J, we make the fom-
replacements in Eq. (4.38) and find 
p e+e ->5A 
= 2E 
q 
2 jyj 1 
^g. 
x(l + cos" 03) 
+0(<52). 
1 + (1 - xg)' 
tn 
(l-%)^'^/4 
(1 + e f ^ ) { x j f x g )  -  l / x g  
(4.40) 
From energy-momentum conservation, we derive an equation similar to Eq. (4.30), 
E, (J- d^pg 
The maximum value is 
1 
x'"'^{z.6.ei,) = 
~(1 + ^ h) 
1 + , 
4sin^(6/2)(.-(l+6;,)-l) 
(4.41) 
(4.42) 
The gluon fragmentation contribution to the 0 ( a s )  subtraction term in 
is provided by the convolution 
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da 
Ea 
{ l ) s u b  
e+e~-*gX 
d^ Pg 
= ? )  
X (4.43) 
If collinear fragmentation is assumed for g j ,  0^ = 0^. After convolution with the 
gluon-to-photon fragmentation function, the subtraction term Egda^^^^ -.r/d^ • au , _ 
e'e -^gX 
in Eq. (4.40) develops the same logarithmic divergence in(\ + as .r-y 
vg 
1/(1 + e/J. 
4.2.4.3 Derivation of cr ^ (l)sub 
>qX 
(l-^suh The Feynman diagrams of the short-distance hard part o" order 
as for the cjuark fragmentation process e'^e~ —>•?—> 7, are shown in Figure 2.6. 
Because 5: > maxf.t'y, 1/(1 + in the convolutions of Eq. (4.8), our general anal­
ysis in previous subsections shows that the short-distance hard part is 
needed only for = xc < min[.'C'y(l -t- e/j),l]. We analyze, in turn, the intervals 
x-y < 1/(1 "t" e/j) and xj > lf{l + e^). Discussion of the special case x^ = 1/(1 +^/i) 
is reserved for Section 4.3. 
If xj < 1/(1 -F then .tj < 1 for all values of z in the convolution. In this 
interval, the virtual diagrams of Figure 2.6b, whose contribution is proportional to 
6(1 — .XI), do not contribute to square of the matrix element 
^ -^qX 
(1 ^ szih for Z _ is therefore the same as that in Eq. (2.52) of Section 2.5. From 
e"! e —>(/A 
Eq. (2.52) and Eq. (2.54), we have 
1  ( / f l  + =  ( e / )  +  +  
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+ 2 
+ ^1 — '-yi2 
X 1 J 
) 
yv2 
2/132/23 
= I (l + cos^ h - 2«) 
+ ^1 + cos^ 9i — 2e) 
1 + x 1 1 , VIZ 
9 
—e 
2/13 
+ 
+ ^1 —3cos^0]^^ A l l  
•-^l 
1 — 
m 
1 — X']^ 
2/13 
a-i 
+ 2 
(4.44) 
The overall coupling constant {eft^y{gfr)" is restored in Ecf. (4.44). Since x^ < 1 
for all values of z, there is no infrared divergence associated with 1/(1 — X]^) terms 
in Eq. (4.44). 
The isolation condition for the partonic cross section requires that 
e"r e -^qX 
either the gluon or the antiquark be in the isolation cone of the quark and have energy 
larger than -Emin defined in Eq. (4.5). Following an analysis similar to the one that 
led to Eq. (4.28), we derive the limits of the integration over yi^ = yi^/xy. 
max[0, ?/,7?.] < hs ^ 2/c; 
1 - Z/c < yi3 < min[l, 1 - ym] (4.45) 
In Eq. (4.45), yc and ym are defined as 
- ^ (1 -xi)sin^(^/2) 
1 — sin2(6/2) 
ym. = (1 + ~ 
.11 
(4.46) 
102 
with z = x'^lx-^. In analogy to Eq. (4.41), 
d^{l)suh 
^ 1  — ~  ®  ^ ' 1  -  • ' ^ ' « i a x ( ^ ,  e / j )  
Pi 
(4.47) 
where a;max(2,^, e/j) is defined in Eq. (4.42). 
In the region < 1/(1 + e/j), ym < 0. The integration over has two 
separate intervals: 
/ dyi3 ^ ^2/13 + ^yi3 • ('^-48) 
Integrating over ^235 we obtain 
e —>(?X _ 
f/3 
r2  
Pi L.S 
^2 M I 
^em^c 
1 
X •{ (1 + cos" — 2e) 
+(1 + cos" 0^) 1 + .T 
(5/4) sin" r( l — e )  
1+4) (_i 
\ 
i--n, 
2 \  /  
1 
i  — x  1 
£n 
\ 
+ fn(.Tj;(l - .ri)) 
MS/ 
+in I (1 -•^•i)Y 
+ (l-.Tl) 1 (4.49) 
Terms of 0(6") are neglected. The 1 je pole in Eq. (4.49) arises from the 1 ly\-^ term in 
Eq. (4.44), corresponding to the collinear singularity when the gluon is parallel to the 
:o)i 
=;+f fragmenting quark. Using Eq. (2.18) for Eq. (2.61) for 
in Chapter 2, and using the fact that < 1, one can verify that this collinear 
singularity is cancelled exactly by the subtraction term in Eq. (4.20). 
For the finite short-distance subtraction term in the region .x-^y < 1/(1 + e/j), we 
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obtain 
da 
Ey 
{ l ) s u b  
6+e~- ^qX 
cfi Pi 
[2 Ar 1 1 
^em^c 
.s ^ 
•^1. 
X (1 + cos" 9y) 1 + 4 1  
,1-^1 
+ £n(xi{l -  .x'l)) 
+en [(1 - + (l-.Ti) . (4.50) 
Turning to the case x-y > 1/(1 + ejnin(2))' same as > 1/(1 + e/J, 
we note that ym > 0. The integration region over yi^ = yi^l^i now has the form 
rl-ym 
'ym " •'1-yc 
(4.51) 
Equation (4.47) shows that there is a nonvanishing ^fd^pi for 
•Tj < 1. Since < 1 and ^^3 > ym > 0, there is neither an infrared nor a collinear 
divergence in this region. We perform the integration of Eq. (4.44) over iji-^ in n = 4 
dimensions, and we obtain 
El 
, ^ ( l ) s u b  
dcrW -  V 
e> e -^qX 
d^ PI 
9 -r 1 
^em^c ~ 
•^1 
X 
'l + x\ 
Cn (l-^^•lK^^/4 . (4.52) 
- lA-^i 
Terms of 0(6"^) are dropped. In deriving Eq. (4.52), we used the fact that the second 
term in Eq. (4.20) vanishes in this region. 
The general form for the 0(05) subtraction term to via quark 
fragmentation is 
{ l ) s u b  
e"^ e~—>7A' 
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^ Xiaxj^x'y, 
X  
c, e+e —)-gA ( ^-y 
^3,/ H = f 
Dq-^^{z,fJp) (4.53) 
For collinear fragmentation 9 —> 7, ^3 = 07-
As in our discussions of the direct and gluon fragmentation contributions, after 
convolution with the quark-to-photon fragmentation function, the subtraction term 
in Eq. (4.53) manifests a logarithmic divergence of the form in\l + — l/x^\ when 
1/(1 -f e/j). 
4.2.5 One-Loop Contributions to Isolated Cross Section 
Combining the one-loop subtraction terms derived in previous subsections and 
the one-loop contributions to the inclusive cross section derived in Chapter 2, we 
have the complete one-loop contributions to the cross section for isolated photons 
in e'^e~ colhsions. Complete one-loop contributions to the inclusive cross section, 
are summarized in Section 2.6. 
' e"re —>7A 
The analytical results for the isolated cross sections are presented in this sub­
section for the intervals: xj < 1/(1 -f e^) and x^y > 1/(1 -1- e/J. The case when 
3:7 = 1/(1 -1- ej^) will be discussed separately in the next section. 
4.2.5.1 One-Loop Contribution to Isolated Cross Section 
when X7 < 1/(1 + ^ h) 
Substituting Eqs. (4.36) and (2.65) into Eq. (4.10a), we derive the one-loop direct 
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production of e'^e —> 7 for isolated photons: 
(l)zso 
d^i 
2 Ar 1 
.s ^ 
—
1 <-
2 f  <^em\ 
V17"] 
X |(1 -1-cos" 
+(1 — 3cos^ O'j) 
in 
1 1 + (1 — x^Y 
.  ^  j "" 1^(1-1^)52/4, 
. J J ' 
— X'-y 
(4.54) 
cy  
where we have dropped terms of 0{8-').  By integrating over Eq. (4.54) is consis­
tent with that derived in Ref. [36]. 
From Eq. (4.9), we obtain the one-loop gluonic fragmentation contribution to 
7 for isolated photons: 
(1)2S0 
e^e 
da 
E. 7" 
e -^gX^^X 
d^l 
/•I 
imaxj^-r-y, 1+^ 
,.(l)iso 
4- _ V e I e -^gX 
d^pg 
2 
V 
X 
Dg-^'yiz,fip) (4.55) 
where the short-distance hard part is given by 
E, 9-
e -^gX 
d^ •'Pg 
2 ,v 1 
.S ^ Cp l7 27r 
X |(1 -1-COS^ 6>-y) ^ 
-f(l — 3 cos" ^ -y) 
1 + (1 - XgY 
Xg 
m - X g )  
In 
Xg }• 
i\-Xg)8^l'^^ Xg 
(4.56) 
In deriving the above result, we substituted Eqs. (4.39) and (2.67) into Eq. (4.10b). 
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Similarly, we derive the one-loop quark fragmentation contribution to e'^e —> 7 
for isolated photons: 
, (1)^50 
jp e^e ——>-jA 
A 
dz 
2E /^ [ 1 
da 
E, 
^(l)iso 
~&e-^qX 
di Pi 
X 
Dq-^-j{z, Hp) (4.57) 
where the short-distance hard part is given by 
E, 
dcrW _ 
e' e -^qX 
Pq 
2 Ar J_ 
^em^c 
•^IJ 
X \ "t" CO®" 
1 -f-
1 — .n {l-xi)6^/4 
-o(-^l-3) 
-f ^1 — 3 COS^ I . 
2 \ 1 - .ri 
(4.58) 
Eq. (4.58) was derived by substituting Eqs. (4.50) and (2.69) into Eq. (4.10b). Notice 
that after integrating over z, Eq. (4.57) develops a logarithmic divergence in{l/x'y — 
(1 -f ejJ) as 1/(1 -f eyj. This divergence is caused by the 1/(1 — .rj) terms in 
Eq. (4.58). Detail discussion on this divergence will be given later. 
By assuming Dq-^^{z) = Dq—^^{z), the one-loop antiquark fragmentation con­
tribution to e'^e~ —s- 7 for isolated photons is the same as that of quark, given in 
Eq. (4.57), except the 2 is over q. 
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4.2.5.2 One-Loop Contribution to Isolated Cross Section 
when X'y > 1/(1 + Ch) 
As pointed out in previous subsections, the subtraction terms vanish 
for > 1/(1 + e^), if all fragmentation processes were exactly collinear. But, due 
to a finite cone size, we have a small phase space where the subtraction terms are 
finite. Since the value of ej^ is very small in most experiments, very limited data 
are available in this region. However, understanding the isolated cross section in this 
region is very interesting and important for understanding the isolated cross section 
in hadron-hadron collisions. 
Kinematics requires the subtraction termE^do-^V^"^ to vanish if > 
' e ' e" >7A" 
which is defined in Eq. (4.31); and therefore. 
da J l ) i s o  
e"^ e >7X _ e I e —>7A u- ^ „.niax II ^ .X/y (6,e/J. (4.59) 
However, if l/(l + €/j) < x-y < e/,), we derive by using Eqs. (4.38) and (2.65), 
da 
E-1-
2 E  
9 
(l)i50 
9 1 
^em^c 
.X'-y 
2 ((^em\ 
V 27r } 
X  in 
+ in 
+ ^n(.T^(l - .T^)) 
'Ms/ 
fl-.T^)52/4^ 
+ (l — 3 cos'^ 2(1-xj) 
Xj 
(4.60) 
By integrating over Oj, the result here, given in Eq. (4.60), is consistent with that 
derived in Ref. [3 
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For one-loop fragmentation contributions from parton c(= g, q, q) to 7, the sub­
traction terms again vanish if xc > e/J, which is defined in Eq. (4.42); and 
thus, 
>cA J? 
— Jbc 
'PC (fil  
e  '  e  — e " ^ e  —>cX :c ^ ^max/ 
PC 
(4.61) 
In Eq. (4.61), corresponding inclusive hard parts are given in Eqs. (2.67) and (2.69). 
However, if 1/(1 e/J < Xc < the subtraction terms are finite 
and given in Eqs. (4.40) and (4.52). Combining with the inclusive contribution, we 
obtain the gluon fragmentation contribution as 
E. 9 '  
= 2 E  
<Z 
e~^ e -^gX 
Spg 
Ls 
2 Ar 1 
^em^c— 
^(J\ Ci 
x|(l + cos2e^)(i±il^ tn + £n{xg{l -  Xg)) 
p ((1 + ^h)i^i/^g) - lA-g 
I (l-.r^ )^2/4 
-f-(l — ScOS^^-y) 2(1-•^•0) 
Xg ] (4.62) 
for 1/(1 -t- e/j) < Xg < x^^^{z,6,eJ^)] and the quark fragmentation contribution 
E„ 
2+ e -^qX 
s Pq Is 
2  A T  1  
^em^c 
•'^IJ 
X •{ (1 + COS" ^-y) 1 + .-cf' 
, 1 - -^'l . 
^Hi) 
^n + en(.tf(i - .Ti)) 
MS, 
V (1-.ti)6-/4 
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"h ^1 — 3 cos^ 9^ )} (4.63) 
for 1/(1 + e/j) < xi < and ej^) defined in Eq. (4.42). 
It is a common feature for Eqs. (4.60), (4.62) and (4.63) that all three contribu­
tions develop the logarithmic divergence £n{l + ej^ — as —>• 1/(1 + e/j). This 
logarithm is a result of the collinear singularities of the Feynman diagrams shown 
in Figures 2.4, 2.5 and 2.6a. It corresponds to the situation when a non-observing 
parton inside the isolation cone becomes almost collinear with the observed parton. 
Since xj > 1/(1 -1- e/j), which is the same as xg or xq > 1/(1 + CniinC-^)) 
z, the counter terms, defined through ® in Eqs. (4.15), (4.19) and (4.20), vanish. 
Consequently, the apparent collinear singularities have nothing with which to cancel. 
This problem is caused by the incompatibility between collinear fragmentation, 
which was used to define the counter terms in Eqs. (4.15), (4.19) and (4.20), and the 
(1 jsxih ^ 
cone fragmentation used to define the partonic cross section E'^da 
with c = 7,9, ?, <7 in Eqs. (4.15) (4.19) and (4.20). We may need to revise our 
concept of photon fragmentation functions in the case of isolated photons. 
As xj approaches to 1/(1 -f eJ^), a number of expressions given in the previ­
ous section for the isolated cross section will develop a logarithmic divergence like 
£n\{\ -f- £/,) — 1/-T71- However, the value of is an arbitrary parameter chosen for 
an individual experiment. Certainly, a completely consistent theoretical prediction 
should not be sensitive to an arbitrary experimental parameter, such as ej^. The 
4.3 Breakdown of Conventional Factorization 
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reason for us to have such an unstable result as approaches to 1/(1 + is due to 
the breakdown of the conventional perturbative factorization theorem for the cross 
section of isolated photons. The key issues involved in this problem are the isolation 
condition and finite cone size for fragmentation. 
First, we exam the origin of where this logarithmic divergence comes from by 
using the results, presented in the last section. Let us start with the situation when 
approaches l/(l + e/j) from below. When aj-y is less than l/(l + e/^), the expression for 
the direct production, given in Eq. (4.54), is well-behaved as .r-y approaches 1/(1+6/,). 
Similarly, the gluonic fragmentation contribution, defined by Eqs. (4.55) and (4.56), 
is also well-behaved as .r-y approaches 1/(1 + e/j)- Although xg can be equal to 1 
when x-y = 1/(1 e^), the ln{\ — xg) term in Eq. (4.56) gives a finite contribution 
after the integration over 2. Thus, Eqs. (4.54) and (4.55) should also be valid for 
^'7 = 1/(1 + ^ h)-
However, the quark (or antiquark) fragmentation contribution will develop a 
logarithmic divergence as o.-'y approaches 1/(1-)- e/J. This divergence is caused by the 
1/(1 — .T]^) terms in Eq. (4.58), and can be easily understood as follows. Consider the 
following general integral 
for .x'-y < 1/(H- e/j), (4.65) 
where m = 0,1,..., and F{z^x\ = X'^jz) is any smooth function for the region of 
integration. The integral, can be thought as a simplified version of the 
one-loop quark fragmentation contribution defined in Eq. (4.57). The 1/(1 — a;!) and 
Cn{l — xi) are typical factors from the short-distance hard part. It is straightforward 
I l l  
to perform the integration in the variable of and we find 
=4' ^1 — X')^(l + 
CO as -i- 1/(1 + e/j)- (4.66) 
From this example, it is clear that 1/(1—a; j) terms in the short-distance hard part will 
make the isolated cross section very sensitive to the value of e^, as xj approaches 
1/(1 + €^). It seems that the perturbatively calculated cross section for isolated 
photons becomes logarithmic divergent at a different value of xj if one chooses a 
different value of e^. This certainly does not make sense. 
Physically, the reason to have such a logarithmic sensitivity is due to the in­
frared divergence associated with the limit when the final state gluon's momentum 
goes to zero, which is the same as xi —> 1. Normally, such an infrared divergence is 
cancelled by virtual diagrams. For example, in calculating the inclusive contribution, 
the infrared singularity associated with —> 1 from the real diagrams, sketched 
in Figure 2.6a, is cancelled by the infrared contribution from the virtual diagrams, 
sketched in Figure 2.6b, which are proportional to ^(1 — ;rj^). However, as demon­
strated below, such perfect cancellation between real and virtual diagrams may be 
broken by the isolation conditions. 
The isolated photons are defined to be the photons having less than Emax = 
hadronic energy in the isolation cone. For photons produced from parton frag­
mentation, as sketched in Figure 4.2, we can have a situation in which the Emax 
in the isolation cone is completely provided by the parton fragmentation; and con­
sequently, no other soft gluons can be allowed into the isolation cone. That is, the 
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phase space allowed for the final-state non-fragmenting partons is smaller. Therefore, 
it is possible that the infrared divergences associated with the final-state real gluons 
cannot be completely cancelled by the virtual diagrams due to the mismatch of the 
phase space. Clearly, such uncanceled infrared contributions should vanish if the cone 
size goes to zero. 
As an example, let us use the one-loop quark fragmentation contribution to the 
cross section of isolated photons to demonstrate the breakdown of perfect cancellation 
of infrared divergences. In order to make the following presentation parallel to the 
statement in the last paragraph, we calculate the isolated cross section from the quark 
fragmentation directly without going through the subtraction term [34]. 
In order to exam the situation when approaches 1/(1 -|- e^), we need to 
evaluate both real and virtual diagrams as shown in Figure 2.6. From Eq. (4.44), we 
have the matrix element square for the real diagrams as 
= e^(e/()^i + cos^ Oi — '2e^  
"F ^1 -H cos^ 6i — 2e) 
1 I yi3 
1 — .T1 
' l  + xf 
1 - •'^ 1 / yi3 ' 1 - •'^ "1 
2/13 1  -  X I  
(4.67) 
which is the same for both inclusive and isolated cross sections. The key difference 
is the integration limits for the yi^ — yi^fxi- Integrating ^^3 from 0 to 1, we 
can easily obtain the real contribution to the inclusive cross section; and all infrared 
divergences associated with xi 1 are cancelled by the contribution from the vir­
tual diagrams [7]. On the other hand, the isolation conditions will require the j/23 
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integration being divided into three regions: 
r rmm\yc,yni] r^—Vc /"l 
/#13=>/3 %3 + 4 ''« + /maxl(l-Sc).(l-Sm)l''"«' 
where yc and ym are defined in Eq. (4.46). In the first region, the condition 0 < 
^13 < yc ensures that a gluon is in the isolation of the fragnaenting quark; and 
condition yi^ < min[yc, ym] ensures that the total hadronic energy in the isolation 
cone is less than Emax = ^ h^l- Similarly, the condition max[(l — yc)-, (1 — ym)] < 
^13 ^ 1 for the third region ensures that the antiquark is in the isolation cone and the 
total hadronic energy in the isolation cone is less than Emax- The second interval 
represents the situation when neither gluon nor antiquark is in the isolation cone. 
From Eq. (4.68), it is clear that the isolated cross section is the same as the 
inclusive cross section if yc < f/m-, which is consistent with Eq. (4.47). When ijc > ym-, 
(i.e., (1 — xi)S"/4: > ^[(1 + e/j) — Ijx^])^ Eq. (4.68) told us that the phase space of 
the final state gluon (and/or antiquark) for the isolated cross section is smaller than 
that for the inclusive cross section. 
lix'y < l/(l + e/j), equivalently, i/m = ^[(l + e/j) —l/.r^y] < 0, the integration 
defined in Eq. (4.68) is completely given by the second region, 
0 • . . /s . 
where we expanded the yc to the order of 6". We rewrite the limits of yi^ integration 
in Eq. (4.69) as 
yl /-(l—.Ti )6^/4 r\ 
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Combining the three-particle phase space of Eq. (A.35), and the matrix element 
square of Eq. (4.67), the first term in the right-hand-side of Eq. (4.70) provides the 
complete real contribution for the inclusive cross section [7] 
El 
e' e —>gA 
(fipl 
-pP^is) 
L5 
ilTfJ, '  
X Ci 
X 
( 27r/ 47r/i 2\ £ 
( 5 /4) sin" r ( l  —  e) xj 
r ( i - 6 ) ^  
r ( i  -  e )  
1 -t- cos^ 61 — 2ej 
2' 
1 + x .2 
r ( l  -  2e) 
(^) 
+ 
(i-a;i)-i-
-F5(1 - .r;|) 7 ''' 9) ~ 9 ~ 
4- (1 - 3cos^ 61^ I , (4.71) 
where the superscript (i?i) stands for the contribution of real gluon emission from 
the phase space specified by the first term in the right-hand-side of Eq. (4.70). In 
deriving Eq. (4.71), we used Eq. (2.58). The virtual contribution from the diagrams 
in Figure 2.6b is given by Eq. (2.59) [7]: 
d(7 
E 
r  
e - >qX 
'•'Pi 
LS  
9 
^em 
47r/<' 
X Ci m '  I  2 \  ^  4:Trf.i  \ 
{ s / 4 ) s i n ^ 9 l j  r ( l  -  e )  
r(l - €)3r(l-1-e) 
r ( l - e )  r ( l-2e) 
115 
X I (l + cos^ — 2e) 5(1 — rcj) —^ — s) (4.72) 
where the superscript (F) stands for the virtual contribution. 
Combining the virtual (V) contribution and a part of the real contribution (-R^), 
we derive 
El 
e —>gA 
c/3 PI 
is 
9 
^em 
ATTfl^ \ 1 1 
(5/4)sin2 0w r(l —e).T][ 
| ( l  +  c o B 2 « i - 2 e )  ( ± ) |  
+ pP^is) 2 A/- J_ <^677?. 
•"^IJ 
x-| (1 + cos" 6i) 
2 
^ + 1^(1 - a^l) I in 1 (l-.Ti)+ 2 
MS> 
+ 
+ ^1 — 3cos^ I . (4.73) 
As expected, from Eq. (4.73), other than the 1/e term due to the collinear singularity 
between the fragmenting quark and the real gluon, the contribution from the phase 
space given by the first term in the right-hand-side of Eq. (4.70) cancels all infrared 
singularities from the virtual diagrams in Figure 2.6b. 
The third term in Eq. (4.70) does not provide any 1/e singular terms, and gen-
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erates some finite terms which vanish as 0, 
da 
Ey 
{Rz)_ 
e+e 
Pi 
'SK = 0(S^) .  (4.74) 
However, the second term in Eq. (4.70) generates a number of terms with 1/e poles. 
By neglecting all terms of 0(5") or higher, we obtain 
El 
X e -^q  
d^ PI 
s 
^em 
ilTfl 2 1 1 
Il + cos2 0i-2e) 
277 
{s/4:)sm^0lj r ( l - e ) x i  
2 1 + 3 . 
\-FP^{S)\ 2 1 
-S ^1. 
C F 
( i - - n ) +  2  
^s(A) 
2. ) 
(i)) 
X ^1 + cos^ 9i^ 
3 1 + .-cj 
( l - . T l ) +  Z  I  + 9^(1 -•'i'l) P" "2" 
MS/ 
XI ^ ^ \ 1-^1 (l-.Tl)+ 4 
2\ (in{l -  x]^) 
+ 
9  
+ 6 ( l - x i ) £ n  — +  ( l - x i )  
2 ,v I — } — l -
M(./4)sin2 0j r(l-6).Ti 
X ^1 + cos^ 9i —2e^Cp 
X 
1 1 /3 . 6^^ 
? + 7  2" T  
27r 
<5(1 - .Tl) 
1 1 47r/f*' \ 1 
r ( i - 6 )  
(4.75) 
By adding all contributions, given in Eqs. (4.73), (4.74) and (4.75), together, we have 
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the next-to-leading order isolated partonic cross section for e"^ -f e —+ q{pi) + X, 
da 
El-
{l)iso 
e"'" e~- >qX 
= El e ' e —>gA 
2 
^em Oipm Nc 2 
rciJ 
Cj (^sir) 
d^Pl 
= [yM 
l + cos2«0 [-(! + .•?) 
27r J 
2\ fin{l — 
•n J + 
12^2 9 9 ^ 2 
( l - a - i ) +  4  
2  V I  •ny + 
-(- (^1 — 3cos2 I 
^em 
4x/r 
(s/4) sin^ I 
X (l + cos^ h - 2^) 
1 1 
r ( l  -  e )  X I  
2\^ Airfi 1 
r ( l - e ) _  
(4.76) 
From Eq. (4.69), is always larger than zero for a fixed value of ^ 1; and 
therefore, defined in Eq. (4.76), is independent ofFur-C~^C —>(j\ iVlu 
thermore, because there are no collinear subtraction terms for the isolated partonic 
cross section, the short-distance isolated partonic cross section equals to 
given in Eq. (4.76). However, the uncanceled poles in Eq. (4.76) for 
signal a breakdown of conventional perturbative QCD factorization [34]. 
In Eq. (4.76), the singularities corresponding to these uncanceled poles are in­
frared in nature and, as expected, are proportional to ^(1 —-ti). As explained above, 
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the uncanceled poles come from the interval specified by the second term in Eq. (4.70), 
which corresponds to the mismatch of phase space for soft real and virtual gluons 
due to isolation constraints. Nevertheless, these poles would be irrelevant if 7^ 1. 
However, = x^jz, and = 1 is kinematically allowed when = l/(l + e^). We 
conclude that the conventional factorization theorem for the cross section of isolated 
photons in e^e~ annihilation breaks down when .r-y ~ 1/(1 + where the value 
of is chosen in individual experiments. 
4.4 Numerical Results and Discussions 
Although the conventional factorization formula breaks down when x^  1/(1 + 
e^), isolated prompt photons in e+e~ are still interesting physical observables for 
the most part of the phase space, at least at this order in perturbation theory. The 
analytical expressions, Eqs. (4.54), (4.55) and (4.57), for cross sections with .r-y much 
less than 1/(1 + e/J are useful for studying the isolated photons at LEP. But, the 
expressions, Eqs. (4.60), (4.62) and (4.63), for .t'y > l/(l + e/j) should not be taken se­
r ious ly  fo r  compar ing  w i th  da t a  a t  LEP  because  o f  t he  loga r i t hm,  i n { { l  +  e j^ )  — l / x j ) ^  
which was caused by the incompatibility between the collinear and cone definitions 
of the parton fragmentation. Although the phase space for these expressions to be 
applicable is very small, the behavior of these expressions for x-y > 1/(1 + e/J is 
important for studying the isolated photons in hadronic collisions, where this limited 
phase space will be integrated over through convolution with parton distributions of 
beam hadrons. 
We evaluated the explicit numerical results of the cross sections for isolated pho­
tons at LEP with much less than 1/(1 -f e/J. In order to compare the isolated 
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cross sections with our results in the inclusive case, in the following calculations, 
expressions of aem and as, and the values of other parameters and constants are 
chosen to be the same as those used in the inclusive case. They are described in 
Section 2.6. In Eq. (4.55) and Eq. (4.57), we also choose the same quark-to-photon 
fragmentation function Dq-^j{z, Hp) and the gluon-to-photon fragmentation func-
tion Dg-^^{z,np) as those used in the inclusive case. They are given in Section 2.6. 
These fragmentation functions are used for the illustrative purpose. The results 
for isolated cross sections presented here are normalized by the leading order total 
hadronic cross section ctq. The expression for <tq is also given in Section 2.6. 
Figures 4.3 and 4.4 show the comparison of isolated cross section and the inclusive 
cross section as functions of photon energy jE-y at y/s =91 GeV and 9^ = 90°, for two 
choices of isolation energy parameter: ej^ = 0.15 and ejj = 0.05. The isolation cone 
size is chosen to be: 6 = 20°. The value = 0.15 is the isolation energy parameter 
used in Fermilab CDF experiment, while = 0.05 is for the LEP experiment. 
Figure 4.5, shows the isolated cross section as a function of Er^ at y/s = 91 GeV for 
the scattering angle 9'y = 90°, with = 0.15 and 6 = 20°. Shown in Figure 4.5 
are the total cross section and the four separate contributions from lowest-order 
fragmentation ("Oth-Frag"), 0{aem) direct production ("Direct"), and the 0(05) 
quark and gluon fragmentation contributions ("q-Frag" and "g-Frag"). The same 
results are displayed in Figure 4.6 as a function of scattering angle for E'y = 20 
GeV. In Figures 4.3-4.6, we set renormalization/fragmentation scale f.i = E^j. 
Dependence of the cross sections on is examined in Figure 4.7 at 0-y = 90° for fixed 
E^. The Dependence of the cross section on e is displayed in Figure 4.8. 
Figures 4.3-4.5 show clearly that the isolated photon cross section is divergent 
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Figure 4.3: Comparison of the normalized 
invariant cross section for the 
inclusive and isolated process 
e'^e~ —» jX at ^ys = 91 GeV 
and = 90®, for = 0.15. 
as x-y ^ 1/(1 + e^). In this region, the conventional pertui'bative QCD factorization 
breaks down, as discussed in previous sections. Away from the singular region, the 
isolated cross section is smaller than the inclusive cross section as we expected. 
Evident in Figures 4.5 and 4.6 is the dominant contribution of the 0{aem)  
direct production when < 1/(1 + e/j). Because of the isolation cut, the lowest 
order contribution was excluded from the isolated photon cross section when X7 < 
1/(1 + e/j). When x-y > 1/(1 + e/j), the lowest order contribution is the dominant 
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contribution. But this region is very small. Figure 4.5 also shows each divergent term. 
When approaches 1/(1 + ej^) from rc-y < 1/(1 + e/j) side, the divergence comes 
from the first order {0{as)) quark fragmentation contribution with infrared origin, 
which is caused by the mismatch of the phase space of the real and virtual diagrams as 
explained in the last section. When .r-y —> l/( 1 + ) from xj > 1 /(1 + ) side, quark 
and gluon fragmentation are both divergent, which is caused by the incompatibility 
of the collinear fragmentation function definition and the cone fragmentation we used 
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Figure 4.5: Photon energy dependence of 
the normalized invariant cross 
section for the isolated process 
e'^e~ —> jX at y/s = 91 GeV 
for = 90°. 
for the subtraction term. 
Figure 4.7 shows that the isolated cross section has little scale dependence when 
x-y < 1/(1 + e^). This is because the scale dependence of the hard parts for the 
complete inclusive cross section and the subtraction term cancelled each other. 
From Figure 4.8, we can see that when becomes larger, the isolated cross 
section increases. This is expected, because the larger e/j, the more hadronic energy 
is allowed to be in the isolation cone, and consequently, more events contribute to 
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the isolated cross sections. 
4.5 Impact for Calculations of Isolated Photons at High Energy 
Colliders 
As shown in previous sections, the conventional perturbative QCD factorization 
breaks down for the isolated photons in e'^e~ collisions, in the sense that all collinear 
and infrared singularities cannot be completely absorbed into the nonperturbative 
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parton-to-photon fragmentation functions. Although, our examples used in previ­
ous section are only at one-loop level in perturbative QCD, similar breakdown will 
take place at higher order contributions as well. In general, such a breakdown of 
factorization can also be understood in the following intuitive picture. 
The intuition might be best achieved through our definition of the isolated cross 
section, given in Eq. (4.1). We define the isolated cross section as the difference 
between the inclusive cross section and a subtraction term. It is clear that the in-
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elusive cross section is well-defined in perturbative QCD. Any possible breakdown 
of the factorization should be due to the subtraction term. As pointed out in Sec­
tion 4.2, the subtraction term could be viewed as a "cross section" for a photon "jet" 
with photon's momentum i and hadronic energy in the "jet" cone larger than 
^max = Such "jet cross section" can be viewed as an integrated jet cross sec­
tion, where the word "integrated" means that the cross section for the "jet" events 
with hadronic energy integrated from a fixed minimum value (£^max = ^ 
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maximum value allowed by the kinematics. Based on our experience in calculations 
for jet cross sections, such an integrated "jet cross section" could be finite in pertur-
bative QCD, if we do not ask for any detail within the jet [40, 41], such as how an 
individual parton fragments to a photon, However, if we force ourselves to find out 
the energy of one specific parton within the "jet", and ask how this parton fragments 
into the observed photon, most likely, we will have the incomplete cancellation of 
infrared and collinear singularities. Introduction of the parton-to-photon fragmen­
tation functions for the cross section of isolated photons is similar to asking for the 
details within the "jet". 
Based on the above limited study, we conclude that cross sections for iso­
lated photons in e'^e~ collisions may not be able to provide precise information on 
parton-to-photon fragmentation functions, which are defined in conventional per-
turbative QCD. We need to revise the definition of the fragmentation function for 
isolated photon events. 
This breakdown of factorization has important implications on the computa­
tions of isolated photon production at hadron colliders. If we imagine that the 
process e'^e~ —> jX plays the role of parton-parton scattering to produce the pho­
ton in hadronic collisions, the center-of-mass frame energy S in all our formulas 
for e'^e~ —v 7 -f X is replaced by s = 0:2 S", and xj = lE^/y/S is replaced 
by X'-j = lE^j^xi X2 S. The extra integration over incoming parton's momen­
tum fractions will force us to cover all possible phase space for .i-y, which is from 
= 2E'yly/S to 1. That is, we will have to integrate over the region where the 
conventional perturbative factorization is in question. 
However, because the divergence at the parton level is logarithmic, (i.e., di­
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vergence at the e''"e~ level is logarithmic), the integration of parton's momentum 
fractions will produce a finite result due to the fact that logarithmic divergence is in-
tegrable. But, integrating over a region where isolated partonic cross sections is much 
larger than the inclusive cross section (more precisely, ~ oo) is NOT phys­
ical. Furthermore, the divergent one-loop result will serve as the subtraction term 
for the two-loop direct contribution, which is, in turn, not well-defined. We con­
clude that although the perturbative cross sections for isolated photons in hadronic 
collisions could be finite, the partonic "hard parts" are infrared sensitive, including 
long-distance effect! It then raises a question of how to redefine isolated events, such 
that all infrared sensitivities can be systematically absorbed into some well-defined 
long-distance matrix elements, or isolated fragmentation functions. 
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5. CONCLUSIONS 
To extract thermal photon signals from relativistic heavy ion collisions, it is 
necessary to understand the photon fragmentation processes and calculated the ex­
tra source of photon production due to multiple scattering. This thesis provided 
analytical formulas, as well as numerical results for inclusive photon production in 
e'^e~ —> 7X, which can be used for extracting photon fragmentation functions. We 
also calculated direct photon production in terms of multiple scattering. We pre­
dicted nuclear dependence in direct photon production in hadron-nucleus collisions. 
This work will lead to a better understanding of photon signals in future experiments 
on relativistic heavy ion collisions at Brookhaven National Laboratory. 
The inclusive photon production in hadronic final states in e'^e~ annihilation 
is an ideal process to extract photon fragmentation functions. We have computed 
analytically the direct photon contribution through 0 (ctem) and the quark-to-photon 
and gluon-to-photon fragmentation terms through O (as). Our results display the 
full angular dependence of the cross section, separated into transverse (l -|- cos^ 
and longitudinal components. The numerical results are presented. The extraction 
of the photon fragmentation functions from the inclusive process of e^'e"" —> 7 -[- X 
are also discussed. 
In terms of generalized factorization in QCD perturbation theory, and using the 
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method, developed in Ref. [18], we predicted the nuclear dependence of direct photon 
production in hadron-nucleus collisions. The theoretical prediction is consistent with 
the experimental data. We concluded that the observed small Cronin effect in direct 
photon production is consistent with the much larger Cronin effect observed in single 
jet and single particle inclusive cross sections. 
Furthermore, we derived the analytic expressions for the isolated photon cross 
section in hadronic final states of e'^e~ annihilations. Using e'^e~ j + X as 
an example, we showed that the conventional factorization theorem in perturbative 
quantum chromodynamics breaks down for isolated photon cross sections in a well 
defined part of phase space. The cross sections for isolated photons in e^"e~ collisions 
may not be able to provide precise information on parton-to-photon fragmentation 
functions, which are defined in conventional perturbative QCD. Such a breakdown 
of factorization has a very important impact on the computation of isolated photon 
productions in hadronic collisions. 
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APPENDIX 
TWO AND THREE PARTICLE PHASE SPACE 
We need the expressions for two- and three-particle final state phase space 
and dPS(^) in n dimensions in terms of the variables we used in our calcu­
lations. We work out first the specific case of e'^e~ —> qq. The four-vector momenta 
of q and q are pq and pq. 
The two particle phase space element in n = 4 — 2e dimensions is 
^ • {2Tf6^'^\q -Pq- Pq). (A.l) 
i2w)^-^2Eq {2T)'>^-hEq ^ ^  
•1 
In the center of mass frame, pq = —pq and Eq = Eq. Eliminating the d^~ pq 
integration, we obtain 
dPS(^) = I E^-'^dEq de sin'^-3 ed%_^ipq) 6 (Sq -  . (A.2) 
Since the square of the invariant matrix element, Eq. (2.17) of the text, depends on 
6 but not on other angles, we may perform the integration over 
0„_3 = 27r t7~VT{1 - e). {A.3) 
We derive 
1 1 d^ dpsi^) = -  \( 1 
2 (27r)'^ Eq \{s/A)sm^d) r(l — e) 5 xq 
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with xq = 2Eqfy/s. 
For the three particle final state e'^e~ —>• qq'j^ we label the four-vector momenta 
oiq,q, and 7 as , p2 ? The invariant matrix element of interest to us, as defined 
in Eqs. (2.30) and (2.34), depends explicitly on the inner products pi • i,p2 • i, and 
Pi • P2 as well as on pi • k,  p2 • k,  and £ • k where k, defined in Eq. (2.7), is the 
difference k  =  k  a . — k ^ o i  the four-momenta of the initial e"^ and e~. However, 
e ' 
all these inner products are not independent. Using momentum conservation and the 
fact that the momenta £ and k are observables, one may show that pi • i  and P2 • k 
are the only independent invariants. Note that it is completely equivalent to choose 
P2 instead of pj. 
For general orientation, it is useful to begin in = 4 dimensions to establish the 
angular variables of integration we would use in that case, before generalizing to 
n dimensions. In the overall e^e~ center of mass frame, we imagine a coordinate 
system with the 7 defining the ar axis, vector k lying in the (.t, z) plane, and vector 
Pi generally having non-zero x^y and components, as shown in Figure 2.8. 
k = (sin^7,0,cos07) ; (A.5) 
Pi = (sinfj^^cos^, sin<?]^^sin^, cos^*]^^) ; (A.6) 
P l ' k  =  - P i  •  k  
= — |p]^(|^| (sin07 sin0]^^ cos ^-t-cos cos0]^^) . (A.7) 
The four-dimensional example shows that only the components of pi in the £, k 
plane contribute to p • k. We use Ox to denote the n-dimensional generalization of 
the four-dimensional azimuthal angular variable cj), and we will express in 
n-dimensions in terms of integrations over 61^ and 9x- Three particle phase space in 
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n-dimensions is 
{2Tr)^-^2Ei {27r)^-^2Eo {2Tr)'^-hEj ^ ^ Vi /'i z'. ) 
(A.8) 
Using the function to eliminate the integrations over P2, we obtain 
(jP5(3) = ^ ^ 27r5(V^-E^-£9). (A.9) (27r)«-l2£;i (27r)'^-l2£;7 2^2 7 1 v ; 
O 
Since we are interested ultimately in the invariant cross section Ejiafd'^i, we rewrite 
Eq. (A.9) as follows. 
fin—If 1 „ .3 
(27r)"-l2^7 {27r)^-hE^ ^ ^ ^ 7 n .jv ; 
1 1 d^C ^ i ct'-'e i . 2 n—4 d^n-Zi^) 
d(j)'^/ (A.IO) 
We take angle 6'y to be the polar angle of the 7 with respect to the e'^e~ collision 
axis in the overall center of mass frame. Since the square of the matrix element does 
not depend on we can integrate over dCl.fj^_^{i) and d^^ independently. Using 
from Eq. (A.3), and / d(j)'y = 27r, we reexpress Eq. (A.IO) as 
d'^-^£ 1 1 d^i 
(27r)«-l2£;7 ~ 2 (27r)3 E^ 
We write d^^^pi in Eq. (A.9) as 
4v 
^ E^ sin^ 0^ ^ r ( i - 6 )  
(A.ll) 
J72—1^ d Pi = dO„_2(pi) 
sin'^-^^i^ dan-siPl). (A-12) 3 
with 
dfljj^_^{pi) = ddx s'm^ ^ Ox dCt^_4^{pi) 
n—5 
= c/cosfa; (1 - cos fx) (A.13) 
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Since only the components of pi in the k plane contribute to • A:, as shown in 
Eq. (A.7), all angular variables on which the invariant matrix element depends are dis­
played explicitly in Eqs. (A.12) and (A.13). We may therefore integrate 
in Eq. (A.13) to obtain 
r(!M) 
f in-4(Pl) = r ( n - i )  •  
In this frame, E2 in Eq. (A.9) can be expressed as 
EI = {p2f = (pi + if = E^ + E^ + 2EiEj cos^i^. (A.15) 
Using Eq. (A.15), we can replace the integration over dcos9i^ in Eq. (A.12) by an 
integration over c?^2! fixed Ei, 
EiE'^clcosO^j = £'2 dE2 • (A.16) 
Substituting into Eq. (A.9), we derive 
dPsi'^) = 
2 (27r)^ Ej ^^^sin^i 
1 1 /  4 7 r  
X -
4 (27r)2 \Elsin^9i^ 
J  J  r ( i - 6 )  
9 \ e 
^72—4(^1) dcos Oa 
X - ^ 6 { y / s  - E j - E i -  E 2 )  d E i  d E 2  •  (A.17) 
jC/zy 
It is easy to verify that Eq. (A.17) reduces to the familiar form in four-dimensions 
when e —> 0. 
We introduce new dimensionless variables related to the singularity structure of 
the invariant matrix elements, given in Eqs. (2.30) and (2.34); 
_ 2pi •P2 2/12 = —^2— (A.lb) 
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yu = 2pi-i 2 q (A.19) 
2/2^ -
2p2 • i  
92 
(A.20) 
^1 = 2pi -q 
?2 
(A.21) 
X2 = 2 p 2 - q  
q^ 
(A.22) 
x'y ~ 
2£-q 
^2 (A.23) 
y2(. = 1 - a,'!, and yi2 = 1 - xj. In the center of 
mass frame, q = {^/s,0), we have 
2Ei  ,  2Eo 
.Ti = —7=^, and xo = —; 
V5 " V-s 
s $ 
dEi dE-2 — - dx^ dx^ = - dy-^^ '^y2£ ' 
2 
6 {y/s - E q - E q -  E - y )  =  - - F ^ ( l  -  Vi^ -  2/2£  "  Wl) -\/s 
After some algebra, one may verify that 
^2 
E^ E^ sin^ di^ = — 7/1^ t/2^ 2/12-
Substituting Eqs. (A.25)-(A.27) into Eq. (A.17), we derive 
\ e 
(A.24) 
(A.25) 
(A.26) 
(A.27) 
dPSi^) -
^ ~ 2 (2;r)3 Ej 
47r 1 
(5/4) sin^ 0j j r ( l  — e) .T7 
1 1 
X -
47r'^ 
4 (27r)2 y s ^ 
dyu ^y2i ~ vii ~ y2i -  yi2) 
{yu y2i 2/12) 
For reference, we record that 
J ) „ _ 4 ( p i ) ( l - c o s ^ ^ a ; )  ^  ^I'^dcosOx 
X (A.28) 
L r(l - e) dcos 9x{l — cos" 6x) (A.29) 
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j  n  2/1/1 2/, N-e-i r(|)r(^-e) y_^dcos0a; cos 0a; (1 - cos Bx) -^ =—" ^ .—• (A. 
r(2-e) • 
Dividing Eq. (A.30) by Eq. (A.29), we define the average of cos*" 9x in ^-dimensions 
as 
n 1 1 
(A.31) {cos^ ex) = ^ 
When e ^ 0, 0x becomes the azimuthal angular (j>, and Eq. (A.31) is consistent with 
the 4-dimensional result 
, 9 , 1 /•27r 9 1 (cos-^ <f)) = —J^ d(j) cos- • (A.32) 
Equation (A.28) is written in a form for which the photon with momentum t is 
the observed particle, with integrations done over the momenta of other final state 
partons. When considering e^e~ —>• qqg with q (or q) fragmenting into the observed 
7, we require instead Eqdafcfipq. It is useful, therefore, to reexpress Eq. (A.28) in a 
form that manifests the symmetry of phase space among all three final state particles. 
Using yi2 = 1 — •'^7, we introduce the identity 
1 = dyi2 6 {x-y - (1 - 2/12)) • 
Inserting this identity into Eq. (A.28), we obtain a more symmetric form 
(A.33) 
dPsi^) -
^ - 2 (2X)3 E7 
47r 
(s/4) sin^ O'yj r(l — e) 
27r 5(X7 - (1 - 7712)) 
[.7 
s  
^ 4 
l \ 2 / 4 7 r \ e  1  d ^ n - d i P l Y  
X 
dyi£ dy2£ drji2 
r(l -e) Jl„_3(pi) . 
^(1 - vu -  y2i ~ yi2) • (A.34) 
yu y-ie ^12 
We can use Eq. (A.34) to derive an expression for three-particle phase-space 
suitable for calculating the process of e'^e~ —s- qqg. We label {q,q,g) as (1,2,3). We 
141 
let the gluon replace the photon 7 in Eq. (A.34), and we use label "e" (=1,2 or 3) to 
designate the "observed" one. We derive 
rfps(3) ^ ^  1  2 7 r < ^ ( a - - ; - ( l - y j f e ) )  
X 
2 (27r)3 \(5/4) sin^ 0^/ r(l — e) s 
/ 1 \2 Miry 1 d^n-SiPj) 
UttJ U ; r(i - e) 
H 
l
X  - y i 2 - J / 1 3  ~  2 / 2 3 ) '  
yh yh yh 
(A.35) 
The first line of Eq. (A.35) is identical to dPS^'^\ Eq. (A.4). 
